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Asymmetric incoherent vector solitons
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We introduce a wide class of partially coherent, partially polarized solitons whose second-order statistical
properties include a certain type of reflectional symmetry to be referred to as thespecularity. We describe
generic properties of such solitons in any noninstantaneous saturable nonlinear media. We derive closed form
analytical expressions for the intensity profiles as well as the degree of polarization of specular and antispecu-
lar partially coherent solitons supported by logarithmically saturable nonlinear media.
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The pioneering experiments on the self-trapping of p
tially coherent light beams in noninstantaneous nonlin
media @1,2# were quickly followed by the development o
several mathematically equivalent theories of such parti
coherent solitons@3–7#. The analysis of these theories h
led to the discovery of certain unique features of partia
coherent
spatial solitons@8–11#. To date, partially coherent soliton
have been theoretically investigated in a variety of nonlin
media@12#.

Thus far, most of the work on partially coherent spat
solitons has been performed in the scalar approximation@13#.
Nonetheless, since the original discovery of fully coher
vector solitons in 1974 by Manakov@14#, such solitons have
been shown to display a variety of interesting propert
@12#. At the present time, however, very little is known abo
partially spatially coherent vector solitons. To our know
edge, the only known two-dimensional@~211!D# partially
coherent vector solitons, which were found in the media w
a thresholding nonlinearity@15#, are the ones with axially
symmetric intensity profiles of the vector components. T
result prompts the intriguing question: Do partially cohere
vector solitons possessing other forms of statistical sym
try exist? A related fundamental question is as follows: W
is the connection between statistical symmetries of such s
tons and those of the light sources generating them?
latter issue could be key to the experimental realization
partially coherent vector solitons with desirable statisti
symmetries.

The purpose of the present paper is to address these q
tions. To this end, we study statistical symmetries of partia
coherent, partially polarized spatial solitons in a generic n
instantaneous saturable nonlinear medium, which is homo
neous and isotropic. In particular, we show that, regardles
a functional form of the saturable nonlinearity@16#, there
exists a class of partially coherent vector solitons wh
second-order correlation tensor possesses a certain re
tional symmetry which we refer to as thespecularity. The
components of the correlation tensor of such solitons
either specular or antispecular. We also demonstrate tha
the case of a logarithmically saturable medium, closed fo
analytic expressions can be found for the intensity profi
and the degree of polarization of the specular and antisp
lar vector solitons. To our knowledge, this is the first e
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ample of @~211!D# partially coherent vector solitons with
asymmetric intensity profiles of the vector components@17#
and, as a consequence, asymmetric degree of polariza
Another feature of such partially coherent solitons is an
plicit dependence of the intensity profiles of their vect
components on the position-dependenttwist phase which
vanishes in the fully coherent limit. By comparison, the tw
phase of previously discovered partially coherent scalar s
tons in logarithmic media can only affect the width of su
solitons, but not the shape of their intensity profile@18#.

As a starting point, consider a quasimonochroma
partially spatially coherent source generating a beam of a
trary polarization or two such uncorrelated sources that g
erate beams of mutually orthogonal polarizations. For s
plicity, we focus on the second case here and assume
the two beams propagate close to thez axis. The electric field
of each beam is then of the form:Ea(r,z,t8)
5Ua(r,z,t8)ei (k0z2v0t) whereUa is a slowly varying enve-
lope function of the field;a5x,y, k05n0v0 /c, v0 andn0
being the carrier frequency and the linear refractive index
that frequency, respectively. Also,t85t2z/vg where vg is
the group velocity atv0.

Since the two light sources are assumed to be unco
lated, the second-order statistical properties of the be
generated by such sources are specified by the equal-
correlation tensorG which has only diagonal elements d
fined asGaa(r1 ,r2 ,z)5^Ua* (r1 ,z,t8)Ua(r2 ,z,t8)&, where
the angle brackets denote the ensemble averaging. In a
instantaneous nonlinear medium, each diagonal elemen
the correlation tensorG satisfies the nonlinear wave equatio

i
]

]z
Gaa~r1 ,r2 ,z!1

1

2k0
~¹'1

2 2¹'2
2 !Gaa~r1 ,r2 ,z!

1
k0

n0
@nNL~ I 1!2nNL~ I 2!#Gaa~r1 ,r2 ,z!50, ~1!

which is a generalization of the similar equation derived
the scalar approximation@5,10#. In Eq.~1! nNL(I ) is the non-
linear refractive index,I j[I (rj ,z)5(a5x,y^uUa(rj ,z)u2&,
j 51,2, and¹' is a gradient transverse to the direction
propagation of the beam. The degree of polarization of s
beams, which is defined as the ratio of the intensity of
polarized part of the field to the total intensity, is given b
the expression@19#
©2004 The American Physical Society04-1
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P~r,z!5A12
4DetG~r,r,z!

Tr2G~r,r,z!
. ~2!

The correlation tensorG(r1 ,r2) of a partially coherent vec
tor soliton whose diffraction is arrested by nonlinear refra
tion does not depend onz.

Generalizing the modal theory of partially coherent sca
solitons@4# to the vector case, we can represent the envel
field of each polarizationa as a series in the spatial mode

Ua~r,z,t8!5(
s

as;a~ t8!cs;a~r,z!. ~3!

Here cs;a(r,z) is a spatial mode polarized in the directio
a, as;a(t8) is a random coefficient of this mode, and th
index s labels the modes. The second-order statistical pr
erties of the modes are specified viz.,

^as;a* ~ t8!as;b~ t8!&5ls;adss8dab , ~4!

wherels;a>0 is the weight of the mode labeled by the ind
s in the expansion~3!. It follows from Eqs.~3! and ~4! that
the diagonal elements of the correlation tensor can be
pressed as

Gaa~r1 ,r2!5(
s

ls;a cs;a* ~r1 ,z!cs;a~r2 ,z!, ~5!

which provides a link between the correlation tensors of p
tially coherent vector solitons and the eigenmodes of th
common self-induced, via the nonlinearity, waveguide.

Let us consider@(211)D# partially coherent solitons
whose correlation functions possess the following symme
with respect to reflections upon, for instance, thex axis

G6~x1 ,y1 ;x2 ,y2!56G6~x1 ,2y1 ;x2 ,y2!

56G6~x1 ,y1 ;x2 ,2y2!. ~6!

We will refer to the equal-time correlation function posse
ing such a symmetry as being specular (G1) or antispecular
(G2) because it exhibits perfect correlation or anticorrelat
at every pair of pointsQ andQ̄ with coordinates (x1 ,y1) and
(x2 ,2y1), respectively@20#. It follows that the correlation
coefficient of the fields at such pairs of points isj(Q,Q̄)

5G(Q,Q̄)/AI (Q)I (Q̄)561. It can be inferred from Eqs
~5! and ~6! that the intensity of any specular~antispecular!
soliton satisfies the condition

I 6~x,y!5I 6~x,2y!, ~7!

and the modes of specular~antispecular! solitons are even
~odd! upon reflection with respect to thex axis, i.e.,

cs;6~x,y!56cs;6~x,2y!. ~8!

In accordance with Eq.~1!, the correlation tensor of a
partially coherent electromagnetic beam propagating i
nonlinear medium is completely determined by its value
the source planez50. Further, if the beam is specular o
03660
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antispecular in the source plane, it can be readily infer
from Eqs. ~1! and ~7! that the specularity is conserved o
propagation in a noninstantaneous nonlinear medium i
spective of the functional form of the nonlinear refracti
index. This conservation of specularity implies the possib
ity of engineering statistical symmetries of partially cohere
waves in nonlinear media by controlling the statistical pro
erties of the field in the source plane. In particular, provid
the beam is trapped by its self-induced waveguide, one
generate a specular~antispecular! partially coherent soliton
by launching specular~antispecular! partially coherent
beams into saturable nonlinear media. To demonstrate
possibility of self-trapping of specular and antispecu
beams, we consider the case when the total intensity pro
of the vector soliton is circularly symmetric, i.e.,I 5I (r) and
look for the soliton modes in the form

cnm;x~r,z!5unm~r!cos~mf!eibnm
2 z/2k0, ~9!

cnm;y~r,z!5unm~r!sin~mf!eibnm
2 z/2k0, ~10!

wherebnm is a propagation constant of the mode labeled
the indicesn andm. It is easily seen from Eqs.~8!–~10! that
the mode functionscnm;x and cnm;y are specular and anti
specular, respectively. It then follows from Eqs.~1! and ~5!
that the radial mode functionunm(r) satisfies

H 1

r

d

dr S r
d

dr D2
m2

r2
1

2k0
2

n0
nNL~ I !J unm5bnm

2 unm ,

~11!

together with the self-consistency condition

I ~r!5(
nm

lnmuunm~r!u2. ~12!

Herelnm is the modal weight distribution which must be th
same for both soliton components. Equations~9!–~12! de-
scribe vector solitons with specular and antispecular com
nents that can exist in saturable nonlinear media withany
functional form of the nonlinearity. It is only left to mentio
that specular or antispecular partially coherent beams ca
generated, for example, with the help of a wavefront-foldi
Michelson interferometer@20#. If a Porro prism of the inter-
ferometer changes sign of they coordinate of the input field,
a statistical realization of the output field of such a system
U(x1 ,y1)6U(x1 ,2y1) whereU(x,y) is the input field and
the sign6 can be adjusted by an appropriate phase shif
The second-order correlation function of the output beam
then readily seen to be specular or antispecular dependin
the sign.

We illustrate these general results by an explicit exam
of partially coherent vector solitons supported by a non
stantaneous medium with the nonlinear refractive index
the form @21#

nNL~ I !5~Dn!ln~ I /I t!. ~13!
4-2
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We begin, following Ref.@18#, by assuming a circularly sym
metric Gaussian shape of the total intensity profile

I ~r!5I 0expS 2
r2

2s I
2D , ~14!

whereI 0 is the axial intensity, and the constants I represents
the soliton width. In this case, the solutions of Eq.~11! have
the form

unm~r!5~r/ l'! umuLn
umu~r2/ l'

2 !e2r2/2l'
2
, ~15!

whereLn
umu(x) is an associate Laguerre polynomial of orden

(n50,1,2, . . . ) with the azimuthal index m (m50,
61, . . . ), andl' is a characteristic width of each mode
the transverse plane such thatl'5(k0

2Dn/n0s I
2)21/4.

We assume that the distribution function oflmn is the
same for both vector components and is given by the exp
sion

lmn}
n!

~n1umu!!
jn1umu/2 hm, ~16!

wherej andh are non-negative constants related to the s
ton parameters. Using the explicit expression for the m
functions and the modal weight distribution and express
cos(mf) and sin(mf) in terms ofe6 imf, we can obtain, fol-
lowing the method of Ref.@18#, the correlation tensor o
specular and antispecular vector solitons in the form

G6~r1 ,r2!5
I 0

2
expS 2

r1
21r2

2

4s I
2 D expF2

~x12x2!2

2sc
2 G

3H expF2
~y12y2!2

2sc
2 Gcos@u~x2y12x1y2!#

6expF2
~y11y2!2

2sc
2 Gcos@u~x2y11x1y2!#J .

~17!

FIG. 1. The dimensionless intensityI x /I 0 of the specular com-
ponent of an asymmetric incoherent vector soliton as a functio
dimensionless coordinatesx/sc andy/sc . The values of the param
eters areusc

251, sc /s I51/2.
03660
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HereG1 andG2 stand forGxx andGyy , respectively.
These solitons are described by three parameters: the

ton width s I , its coherence lengthsc , and the twist param-
eteru, which are related via the self-consistency conditio

s I

sc
5 F ~a2 2 1!/2

11A11u2sc
4~a221!

G 1/2

, ~18!

where a254k0
2s I

2Dn/n0, and 21<usc
2<1. It follows at

once from Eq.~17! that the intensities of specular and an
specular soliton components are

I x~x,y!5
I t

2
@11e22y2/sc

2
cos~2uxy!#, ~19!

I y~x,y!5
I t

2
@12e22y2/sc

2
cos~2uxy!#, ~20!

of

FIG. 2. The dimensionless intensityI y /I 0 of the antispecular
component of an asymmetric incoherent vector soliton as a func
of dimensionless coordinatesx/sc and y/sc . The values of the
parameters areusc

251, sc /s I51/2.

FIG. 3. The degree of polarization of the solitons versus dim
sionless coordinatesx/sc andy/sc . The value of the twist param
eteru is taken to be such thatusc

251.
4-3
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whereI t5I 0 exp@2(x21y2)/2s I
2# is the total intensity of the

vector soliton.
It can be readily inferred from Eqs.~19! and~20! that the

intensity profiles of the vector-soliton components depe
explicitly on the twist parameteru and on the coherenc
length sc , a feature that sets them apart from previou
reported twisted scalar solitons@18#. As is manifest from
Figs. 1 and 2, this feature of the newly discovered solito
causes breakdown of the axial symmetry of the solit
component intensity profiles. It is also clear from Eqs.~19!
and ~20! that the soliton components reproduce the total
tensity profile of Eq. ~14! so that our solution is self
consistent. On substituting from Eqs.~19! and ~20! into Eq.
~2!, we obtain the degree of polarization of the solitons a

P~x,y!5e22y2/sc
2
ucos~2uxy!u. ~21!

It is seen from Fig. 3 that the degree of polarization displa
an interesting oscillatory behavior due to the influence of
twist parameter. It should also be pointed out that the deg
of polarization of the vector solitons is not axially symme
v.
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ric. Finally, since the total intensity profile of the solitons
single-peaked and circularly symmetric, their stability fo
lows by virtue of the heuristic general criteriondP/dI0.0
whereP5*d2rI is the total power of the soliton@22#.

In summary, we have discovered a class of partially
herent vector solitons whose vector components are ei
specular or antispecular. We have described the propertie
such solitons in a generic noninstantaneous saturable no
ear medium. We have also found explicit analytic expr
sions for the intensities and the degree of polarization
such solitons existing in media with a logarithmic nonlinea
ity. This work takes what appears to be the first step tow
exploring a connection between statistical symmetries
light sources and those of the incoherent solitons gener
by such sources in nonlinear media.
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