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Temporal Boundary Solitons and Extreme Superthermal Light Statistics
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We discover the formation of a temporal boundary soliton (TBS) in close proximity of a temporal
boundary, moving in a nonlinear optical medium, upon high-intensity pulse collision with the boundary.
We show that the emergent TBS is unstable to perturbations caused by the cross-phase modulation between
the TBS and the other soliton products of the collision and that such instability triggers colossal intensity
fluctuations of the reflected pulse ensemble with unprecedented magnitudes of the normalized autocorre-
lation function for an even weakly fluctuating input pulse.
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Refraction and reflection of waves at a spatial interface
separating two media with different refractive indices is a
venerable subject. Because of the broken spatial translation
symmetry, the spatial wave vector of a monochromatic
wave, transmitted through the interface, changes, whereas
the wave frequency remains the same. The picture is
ubiquitous to waves of any physical nature, such as
electromagnetic [1] or acoustic [2] waves. At the same
time, the concept of time refraction, originally introduced
in the context of photon acceleration in plasma physics [3],
has only relatively recently percolated into optics and led to
research into the fundamentals of the electromagnetic wave
reflection and refraction at a temporal boundary [4-6]
and optical pulse transmission through time-varying
media [7-9].

Any temporal boundary (TB) breaks the time-translation
symmetry causing a frequency change upon light trans-
mission through the TB, hence the term photon acceler-
ation. The light behavior at the TB, and in time-varying
media in general, can be exploited to explore a multitude of
fascinating fundamental phenomena in time domain, such
as temporal total internal reflection [6], optical non-
reciprocity [10,11], negative refraction [12], photonic
topological insulators [13], photonic time crystals [14],
and time reversal [15]; it can also open up a door to
promising applications, including temporal waveguiding
[8,16], frequency conversion [17], all-optical signal
processing [18], and reconfigurable photonics [19,20]. In
the nonlinear optics context, the weak probe pulse collision
with a TB, generated by a strong pump pulse, for example,
has been instrumental to simulate kinematical effects in
gravitational physics [21-23] as well as to study soliton-TB
interactions [24-27].
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To the best of our knowledge, however, only the
phenomena arising from bulk optical soliton interactions
with the TB have been examined to date. In this Letter, we
establish through extensive numerical simulations sup-
ported by asymptotic analysis that a temporal boundary
soliton (TBS) can form in the vicinity of a TB moving in a
nonlinear optical medium as an optical pulse of sufficiently
high intensity, propagating in the medium, interacts with
the TB. We show that the TBSs, being confined to the TB,
propagate along the latter and are unstable to the perturba-
tions induced by TBS interactions with bulk solitons via the
cross-phase modulation. We further demonstrate that even
modest intensity fluctuations of the input pulses trigger
giant intensity fluctuations of light reflected from the
boundary in an extremely rare scenario of an unperturbed
TBS arriving at the observation plane z = z,. The combi-
nation of these two discoveries is at the heart of extreme
event generation in systems with nonlinear random waves
confined to temporal boundaries. Our results reveal a novel,
to our knowledge, mechanism of extreme event excitation
in nonlinear wave systems with event horizons and estab-
lish a link between the two distinct research fields:
(temporal) surface soliton theory and the physics of
extreme events that has recently witnessed a flurry of
research activity aiming to elucidate the fundamental
physics behind the rogue wave formation [28,29].

We begin by examining optical pulse propagation in a
generic weakly nonlinear medium with weak anomalous
dispersion and a time-varying linear refractive index n(r).
We assume, for simplicity, that the time variation is
encapsulated by a constant refractive index jump An
propagating inside the medium at a constant speed v,
that is, n(r) = ny + Ané(t — z/v, — t,,), where 6(x) is a

© 2021 American Physical Society


https://orcid.org/0000-0003-4346-705X
https://orcid.org/0000-0003-1096-0120
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevLett.127.053901&domain=pdf&date_stamp=2021-07-29
https://doi.org/10.1103/PhysRevLett.127.053901
https://doi.org/10.1103/PhysRevLett.127.053901
https://doi.org/10.1103/PhysRevLett.127.053901
https://doi.org/10.1103/PhysRevLett.127.053901

PHYSICAL REVIEW LETTERS 127, 053901 (2021)

Heaviside unit step function taking the value zero at x < 0
and unity at x > 0, and n, is a background linear refractive
index of the medium [30]. The electric field E(z, z) of a
linearly polarized pulse can be expressed in terms of the
slowly varying envelope ¥(¢, z) and the carrier at frequency
wp as E(t,7) = ¥(t,z)e!boz=®0!) where ky = nyw,/c and
we assume that An < ny. In this approximation [31], the
envelope evolution in the medium in the reference frame
moving with the TB is governed by the modified nonlinear
Schrodinger equation (NLSE) in the form

if
2
Here 1 =t—2z/v,; f» <0 and y are anomalous group
velocity dispersion and Kerr nonlinearity coefficients,
respectively. We also introduced a gauge transformation
viz., ¥ = We*, where v = —AB,/|f:|, APy =By — v,
being an inverse group velocity mismatch between the
pulse and TB, to remove a convective term associated with
the group velocity mismatch.

We performed extensive numerical simulations solving
Eq. (1) with a Gaussian input pulse, ¥(¢,0) = \/Poe™"/%,
having a fixed width 7, =0.6 ps and variable input
peak power P,. In all our simulations we chose the
group-velocity dispersion and nonlinearity parameters to
be generic of a standard silica-glass fiber at the telecom-
munication wavelength, Ay = 1.55 um: 8, = —0.02 ps?>/m
and y = 0.002 W~'m~!. Further, we selected the TB
parameters, An = —0.787 x 10~ and Ap; = 0.1 ps/m
so that the known condition [6] for the total internal
reflection of the pulse at the TB with 7, = 5 ps in a linear
medium, corresponding to y = 0, is satisfied.

We exhibit representative results of our simulations in
Fig. 1. As long as the input pulse power P, is relatively low,
Py =80 W, asoliton pulse travelling in a cloud of radiated
waves—which exist due to nonintegrability of Eq. (1)—
suffers (nearly) total internal reflection at the TB as most of
the incident pulse energy is reflected back into # < ;. This
scenario is illustrated in Fig. 1(al). As Py is increased to
Py =250 W, however, a multisoliton complex is formed
on propagation of the input pulse toward the TB. The
multisoliton complex suffers fission upon encountering the
TB. A significant energy fraction of the multisoliton is
concentrated near the TB and it self-induces a very deep
and narrow waveguide via self-phase modulation; this is an
emergent TBS. It follows that the TBS is transported as a
sole mode of this self-induced waveguide as is displayed in
Fig. 1(bl). We support our conjecture with a semiqualita-
tive asymptotic analysis (see Supplemental Material [32]
for details).

Another unambiguous signature of the localization of the
discovered TBSs by the TB is revealed by their spectrum,
exhibited in Figs. 1(a2)-1(d2) in terms of the relative
frequency Q = w — . In the spectral domain, the TBS
emergence is heralded by the appearance of distinct

0,9 + 2 02¥ — ikyAnb(z — 1,)¥ — iy|PPP = 0. (1)

FIG. 1.

Evolution of the intensity (al)-(d1) and the spectrum
(a2)—~(d2) of an incident Gaussian pulse of width 7, = 0.6 ps and
input peak power Py: Py = 80 W (al),(a2), P, = 250 W (bl),(b2),
Py =593.8 W (cl),(c2), and Py =709.4 W (d1),(d2) as func-
tions of the propagation distance z in the reference frame moving
with the temporal boundary as the pulse propagates inside the
nonlinear medium with the temporal boundary at t, = 5 ps. The
intensity and spectral distributions are displayed as functions of the
time 7 =1 —z/v, in the TB reference frame and the shifted
frequency Q = o — w, relative to the carrier frequency w,
corresponding to the communication wavelength 4 = 1.55 um
of a standard silica-glass fiber.

interference fringes that are clearly discernible on compar-
ing Figs. 1(a2) and 1(b2). We attribute these fringes to
spectral domain interference between the TBS and TB due
to their close overlap in the time domain.

Further numerical simulations point to extreme sensi-
tivity of TBS formation to the magnitude of the incident
power P,. Such a sensitivity is illustrated in videos 1 and 2
in the Supplemental Material [32] that show the incident
multisoliton complex fission at the TB in the same P, range
as that in Fig. 1(b1). We can infer from the videos as well as
Fig. 1(b1) that only in a tiny range of P, are the conditions
favorable to the TBS formation in the vicinity of the TB. In
the vast majority of situations, the fission leads to bulk
solitons and radiation waves carrying the energy away from
the TB. The interaction between the TBS and the other
fission products through the cross-phase modulation,
neglected within the framework of our asymptotic analysis
of Ref. [32], strongly influences the TBS dynamics along
the TB and can trigger instability causing the temporal
boundary soliton to detach from the TB and propagate
away as a bulk soliton. We note that this interaction is, in
general, more intricate than generic multisoliton inter-
actions in homogeneous and inhomogeneous integrable
systems [33].

As we increase the input peak power of the source pulse
even further to Py = 593.79 W—see Fig. 1(cl)—the
breakup of an incident multisoliton complex results in a

053901-2



PHYSICAL REVIEW LETTERS 127, 053901 (2021)

transmitted soliton, a weaker reflected soliton, and a TBS.
All three strongly interact via the cross-phase modulation
as is evidenced by the videos in Ref. [32]. Finally, as P
reaches 709.4 W, two TBSs can be simultaneously trapped
in the same self-induced waveguide around the TB as is
shown in Fig. 1(dl) for An = —0.787 x 1077 and con-
firmed in video 4(c) of the Supplemental Material [32] for
An = —0.804 x 1077 and the source peak power in the
range (715.8, 717.8 W) as well. This situation is quite
delicate, however, as a two-boundary-soliton state, with the
two TBSs symbiotically coexisting within the same self-
induced waveguide by the TB, can swiftly disintegrate due
to tiny fluctuations in Py. This two-TBS breakup scenario
is captured in videos 3 and 4 (Supplemental Material [32]).
Figures 1(c2) and 1(d2) also depict a rather complex
spectral interference pattern between the TBS, TB, and
the other soliton fission products in this range of P,.

We have discovered that the TBS instability triggers
remarkable statistical anomalies if the source generates
random input pulses. To reveal statistical signatures
of TBS emergence, we examined an ensemble of 10*
realizations of Gaussian input pulses of fixed width
t, =0.6 ps and random input peak power, obeying
Gaussian statistics with the probability density function
(PDF) P(P,) « e~(Po=(P0))*/20;  The PDF is completely
determined by the mean peak power (P,) and variance op
of the ensemble, where the angle brackets denote ensemble
averaging. We remark that the Gaussian PDF of the source
peak power is quite generic as it corresponds to an
approximately Gaussian PDF of the soliton parameter,
provided the fluctuations of P, are not too large
(Supplemental Material [32]). Next, we constructed stat-
istical ensembles with a given relative noise level in terms
of the ratio of op to (Py). The source noise level ranges
from 3%, to 10%, corresponding to weakly to moderately
fluctuating pulses, respectively. We then evaluated the
normalized intensity autocorrelation function, defined
as [34]

g (@) = (|P(r. 2)*)/([¥(z. 2.) ), (2)

in the observation plane at z, = 100 m from the source.
We exhibit the results in Fig. 2 for weakly fluctuating
(3% noise) ensembles with (P,) taking on the values 80,
250, 593.8, and 709.4 W, corresponding, for simplicity, to
the incident soliton fission scenarios displayed in Fig. 1
with the TB located at 7, = 5 ps. We can infer from the
figures that at low (P,), the global maximum of ¢ is on
the order of unity, but as the TBS forms—see Fig. 1(b1)—
the global maximum jumps up by an order of magnitude,
reaching the magnitudes in excess of 40 for the ensemble
with (Py) =250 W. Thus, a dramatic increase in the
magnitude of the maximum of the normalized intensity
autocorrelation function signifies the TBS generation.
Further increase in the average peak power leads to colossal
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FIG. 2. Normalized intensity autocorrelation function of an
ensemble of input Gaussian pulses with the average peak power
at the source (P): (Py) = 80 (a), (Py) = 250 (b), (Py) = 593.8
(c), and (Py) =709.4 W (d) as a function of time 7 in the
reference frame moving with the TB at#;, = 5 ps, evaluated at the
receiver plane a distance z, = 100 m away from the source.

intensity fluctuations encapsulated by ¢ attaining the
values of nearly 600 and 800 in Figs. 2(c) and 2(d). In
addition, as the average peak power of the source exceeds a
certain threshold, around 600 W in our parameter regime,
the shape of g®)(z) changes qualitatively. In particular, a
relatively broad ¢® distribution with the main peak past the
TB, 7. > t, =5 ps in Fig. 2(b) is superseded by an
extremely tall and narrow spike centered around the TB,
Tmax = 15, and sitting atop of a broad background distribu-
tion which is evident in Figs. 2(c) and 2(d).

We now elucidate the discovered statistical anomalies.
First, the colossal intensity fluctuations associated with the
TBS inception can be explained by revisiting the behavior
of a single ensemble realization. As the realization (pulse)
propagates inside the medium, a multisoliton complex
forms, accompanied by some radiation on account of
non-integrability of our modified NLSE. After a collision
with the TB and subsequent soliton fission, in most cases
the repulsion among the fission products inhibits the TBS
formation. In these situations, the pulse arriving at the
observation plane or receiver has a relatively low peak
power. In rare cases, however, the TBS emerges and a very
high peak power pulse arrives at the observation plane.
Thus, denoting by N.g (N > 1) an effective number of
realizations reliably reproducing the source ensemble
statistics for a given noise level, we surmise that (|¥|?)
and (|P|*) at the position in the observation plane where the
TBS arrives are dominated by a single ensemble realization
Wrgs corresponding to the case when the TBS is formed.
It then follows at once that (|¥|*) =Nzt >, |¥;|* ~
|lPTBS‘2/Neff and <|‘P|4> = Ne_f} Zj |le|4 = |lPTBS|4/Neff-
Therefore, Eq. (2) implies that
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gggx Z Nege > 1, (3)

that is, giant magnitudes of the intensity autocorrelation
function can be expected even for rather modest source
noise levels.

To explain the pronounced growth of the global maxi-
mum of ¢ with (Py) for a given noise level, we recall that
given the latter, our ensembles are constructed such that the
variance of the source peak power PDF augments with
(Py), making the source effectively noisier in terms of the
peak power, and hence calling for a greater number of
realizations N to reproduce the source statistics. It then
follows from Eq. (3) that the global maximum of ¢‘® must
grow with (Pg) as well.

Next, we refer to Fig. 3 from which the shape of ¢ (z)
can be understood. The broad pedestal on which a huge
spike of ¢ is situated for sufficiently large (P,) corre-
sponds to the time interval of the receiver plane colored in
gray in Figs. 3(a) and 3(c). This is the receiver time window
where the TBS is likely to arrive after it has separated from
the TB due to the cross-phase modulation induced insta-
bility. At the same time, the much shorter time interval,
depicted in red in Fig. 3(c), contains the window in the
neighborhood of #,, where the TBS can arrive in a very
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FIG. 3. [Illustrating the shape of the normalized autocorrelation

function. (a) The gray area corresponds to the time interval at the
receiver where TBS and/or other soliton fission products are
likely to arrive. (b) The broad normalized autocorrelation
function g®)(z), corresponding to a pulse ensemble with (P;) =
250 W and 3% noise level, evaluated at z, = 100, exhibits a main
peak and several secondary peaks of comparable magnitude.
(c) The red area corresponds to the time interval at the receiver
where exceptionally rare TBSs, which propagate all the way
along the TB toward the receiver plane, arrive. (d) The normal-
ized intensity autocorrelation function, corresponding to a pulse
ensemble with (Py) = 593.8 W and 3% noise level, evaluated at
z, = 100, features a tall and narrow spike residing on a broad
pedestal comprised of a multitude of much lower peaks of
comparable heights.
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FIG. 4. Normalized intensity autocorrelation function of an
ensemble of input Gaussian pulses with the average peak power
at the source (Py) =593.8 W and 3% (a), 5% (b), and 10%
(¢) noise level as a function of time 7 in the reference frame
moving with the TB, evaluated at z, = 100 m.

unlikely scenario that it is capable of traveling all the way
along the TB toward the receiver, overcoming the over-
whelming odds of having being peeled off of the TB
through its interaction with the other (high-power soliton)
fission products. This is an extremely rare event that can
happen only for very high (P,), which explains the
presence of the spike in Fig. 3(d) representing the ensemble
with (Py) = 593.8 W and its absence in Fig. 3(b) visual-
izing the ensemble with (Py) =250 W. Notice that the
broad pedestal in Fig. 3(d) corresponds to the values of g(?)
of the same order as those in Fig. 3(b).

Finally, we display in Fig. 4 the dependence of the
intensity autocorrelation function on the noise level of the
source for a given (high) average peak power of the input
pulse ensemble, (Py) = 593.8 W. It can be readily inferred
from the figure that ¢/>) grows sharply as the source noise
level is increased, attaining unprecedented, to our knowl-
edge, magnitudes of 962 and 2327 for 5% and 10% noise
levels, respectively. The revealed unprecedented values of
g exceed that of thermal light by more than 3 orders of
magnitude. The precipitous growth of ¢ with the noise
level can be qualitatively explained by recalling that one
requires a larger number of ensemble realizations to
faithfully reproduce a noisier ensemble, which, in turn,
implies the increase of the maximum of g(® by virtue
of Eq. (3).

In conclusion, we stress that unlike previous studies
concerned with either bulk soliton trapping by small
defects, cf., [35], or generating bulk solitons upon ultra-
short—in a femtosecond range—pulse fission at an optical
even horizon [24-27] or with guiding weak pulses inside
femtosecond soliton-induced waveguides [36], we have
revealed temporal boundary soliton generation, such that
the TBS guides itself along the TB inside a self-induced
temporal waveguide in the optical medium. In addition, the
observation of the predicted superthermal light statistics
requires only picosecond pulses with modest input peak
powers triggering no supercontinuum generation. We
anticipate our results to contribute to a thriving multidis-
ciplinary field of extreme event and rogue wave physics.
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