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We generalize a theoretical framework for Laguerre–Gaussian-to-Hermite–Gaussian (LG-to-HG) mode con-
version induced by optical astigmatism and identify threea distinct conversion scenarios depending on the
astigmatism conditions. We analyze the LG beam diffraction by three types of astigmatic optical elements, cylin-
drical lenses, quadratic curved-line gratings, and off-axis illuminated elliptical zone plates, and show that the LG
modes of different orders convert to the corresponding HG modes over different distances, if at all. We explore
two families of astigmatic phase profiles that offer independent control over the stretching and orientation of the
converted modes. Our theoretical predictions are in good qualitative agreement with experimental results. ©

2025 Optica Publishing Group. All rights, including for text and data mining (TDM), Artificial Intelligence (AI) training, and similar

technologies, are reserved.
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1. INTRODUCTION

Laguerre–Gaussian (LG) beams, with their signature annular
transverse intensity profile, have attracted substantial interest
since Allen et al. introduced the concept of orbital angular
momentum (OAM) associated with these beams [1,2]. The LG
beams possess azimuthal (l ) and radial (p) quantum numbers
(indices), endowing them with additional degrees of freedom.
Vortex beams, including the LG beams, exhibit reduced distor-
tion when traversing optical turbulence compared to Gaussian
beams [3]. Consequently, such beams have diverse applications
across various fields [4,5], including optical manipulation [6],
microfluidics [7], free-space communications [8], and quantum
information processing [9]. Notably, LG beams with nonzero
radial indices can trap multiple particles along concentric cir-
cular paths, inducing orbital rotation due to the presence of
multiple intensity rings around the beam axis. This versatil-
ity makes them valuable for advanced optical applications.
Numerous techniques have been developed for generating and
characterizing optical vortices. The pioneering experimental
work on the generation of OAM waves was performed by Allen
et al. in 1992 [10]. They employed cylindrical lenses arranged
in a specific configuration in front of Hermite–Gaussian (HG)
modes to produce various LG modes. Additional methods
include interference techniques [11], diffraction from apertures

[12–15], and the application of robust mode converters [16].
Additionally, cylindrical lenses have been employed for the
characterization of LG beams with zero and nonzero radial
indices [17–19], and a method based on analyzing diffraction
patterns through a tilted biconvex lens has been introduced in
Ref. [20] as well. Previous studies also explored the diffraction of
optical vortex beams from gratings [21–25] and examined the
Talbot effect with vortex beams [26]. Recently, we have carried
out extensive research on LG beams using quadratic curved-line
gratings. Specifically, we characterized single optical vortex
with zero and nonzero radial indices [27,28], as well as collinear
and on-axis combinations of two optical vortices with different
winding numbers [29]. Furthermore, our recent study inves-
tigated the diffraction of vortex beams with nonzero quantum
numbers from a binary grating characterized by a small opening
ratio. This work paved the way for an alternative method for
transforming LG beams into HG ones [30].

The HG and LG beams are subsets of a broader family known
as Hermite–Laguerre–Gauss (HLG) beams, Gm,n(r|α). The
HLG beams were initially introduced in Ref. [31] as the astig-
matically transformed HG beams. The main properties of these
beam families have been presented in Ref. [32]. The general
astigmatic transform of HLG beams has been discussed in Ref.
[33].
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In this work, we refine the theoretical framework for LG-
to-HG mode conversion via astigmatism and introduce an
alternative approach based on expanding LG modes in terms of
HG modes. Our analysis reveals three distinct mode conversion
behaviors depending on the astigmatism conditions: conver-
sion occurring at a specific propagation distance, conversion
occurring at two separate distances, or no conversion at all. To
systematically characterize these behaviors, we present two-
dimensional color-coded maps in the astigmatism parameter
space, where each color represents one of the three possible
conversion cases. We apply this framework to analyze the LG
beam diffraction by three types of astigmatic optical elements:
cylindrical lenses, quadratic curved-line gratings, and off-axis
illuminated elliptical zone plates (ZPs). We demonstrate that
LG-to-HG mode conversion is diffraction-order dependent for
the latter two elements, leading to distinct conversion distances
for different orders. Additionally, we investigate the far-field
propagation of astigmatic LG beams using two independent
analytical methods, yielding a Fourier-based formulation
involving Hermite polynomials. This result has potential appli-
cations beyond paraxial optics. Finally, we explore two families
of astigmatic phase profiles that enable controlled LG-to-HG
mode conversion, providing independent control over the
stretching and orientation of the converted modes. Our findings
provide a deeper understanding of LG beam interactions with
astigmatic optical elements, paving the way for their optimized
use in optical communications, microparticle manipulation,
and structured beam microscopy. The insights gained from this
study contribute to the broader field of structured light, offering
new avenues for beam shaping, mode conversion, and advanced
optical applications.

2. HERMITE–GAUSSIAN,
LAGUERRE–GAUSSIAN, AND
HERMITE–LAGUERRE–GAUSSIAN BEAMS

This section provides a concise review of three well-known
beam families, namely HG, LG, and HLG beams. The
paraxial evolution of a coherent light field in the coordinates
(r, z)= (x , y , z)= (r cos θ, r sin θ, z) propagating in free
space along the z axis is governed by the well-known paraxial
Helmholtz equation [34](

∂2
x + ∂

2
y + 2ik∂z

)
9 = 0, (1)

where k = 2π/λ denotes the wavenumber. Given the com-
plex amplitude of a light field in the z= 0 plane, 9(r, 0), its
propagation is described by the Fresnel transform

9(r, z)= FRz [9(r, 0)]=
1

iλz

∫∫
R2

e iγ |r−r′|
2
9(r′, 0)dr′,

(2)
whereγ = π/(λz) is a real parameter inversely proportional to z
and λ. Before proceeding, we consider the following interesting
attribute of the Fresnel transform [30]:

FRz

[
+∞∑

q=−∞

tq e i 2πq x
3 uq (x , y , 0)

]

= e iγ x2
+∞∑

q=−∞

tq e−iγ x2
q uq (xq , y , z), (3)

where xq = x − qλz
3

and uq (r, z)= FRz[uq (r, 0)].
Two well-known solutions of the paraxial equation are the

HG and LG functions [35]

Hm,n(r)= e−(x
2
+y 2)Hm

(√
2x
)

Hn

(√
2y
)
, (4a)

Ll
p(r)= e−(x

2
+y 2)(x ± i y )|l |L |l |p

[
2
(
x 2
+ y 2)] , (4b)

where l and p are the topological charge (TC) and radial index
of an LG mode, and sign + or − corresponds to the case l > 0
or l < 0, respectively. These two beam families are subsets of a
broader family known as HLG beams, Gm,n(r|α), expressed as
[32,36]

Gm,n(r|α)=
m+n∑
k=0

i kc (m,n)k (α)Hm+n−k,k (r) . (5)

Here c (m,n)k (α)= cosm−k(α)sinn−k(α)P (m−k,n−k)
k (− cos 2α),

where α ∈R, and P (µ,ν)

k (x ) indicates Jacobi polynomials. In
the special casesα = 0 andα = π/4, we have [33]

Gm,n(r|0)= (−i)nHm,n(r), (6a)

Gm,n(r|π/4)= (−1)min2max min!Lm−n
min (r), (6b)

where min=min(m, n) and max=max(m, n). We can
rewrite Eq. (6b) as

Ll
p(r)=

(−1)p

p!2p+|l |

{
Gp+|l |,p(r|π/4), l ≥ 0;
Gp,p+|l |(r|π/4), l < 0.

(7)

3. PROPAGATION OF AN LG BEAM WITH
ASTIGMATISM: GENERAL THEORETICAL
FORMULATION

Let us now review the propagation of an LG beam possessing
astigmatism, as examined in Refs. [33,37], using a slightly dif-
ferent notation. The field profile just in front of an astigmatic
element is an ideal LG beam, namely 9(r,−0)=Ll

p(r/w0),
wherew0 is the spot size at z= 0. Astigmatism is imparted to the
field at the source plane, z= 0, and is defined by the curvature
difference between the x and y directions [33,37]:

9(r,+0)= exp

[
i
(

c x
x 2

w2
0

+ c y
y 2

w2
0

)]
Ll

p(r/w0), (8)

where c x and c y are dimensionless real parameters. In
Supplement 1, we show that astigmatic elements do not affect
the OAM of the beam. By introducing the auxiliary parameters

ζ =
z

zR
, σx = 1+ c x ζ + iζ, σy = 1+ c y ζ + iζ,

ω± =
arg σy ± arg σx

2
, (9)

where zR = πw
2
0/λ is a Rayleigh range, the beam evolution is

governed by a Fresnel transform, resulting in [33] as follows:
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9(r, z)∝
e i [8(r)+2]√∣∣σxσy

∣∣
{
Gp+|l |,p

[
R
(
−
π
4

)
r1|

π
4 −ω−

]
, l ≥ 0;

Gp,p+|l |
[
R
(
−
π
4

)
r1|

π
4 −ω−

]
, l < 0.

.

(10)
Here

R(ϑ)=

(
cos ϑ − sin ϑ
sin ϑ cos ϑ,

)
(11)

is the rotation matrix by an angleϑ in the transverse plane of the
beam and

r1 =

(
x

w0 |σx |
,

y

w0

∣∣σy

∣∣
)
, (12a)

8(r)=
c x + (1+ c 2

x )ζ

w2
0|σx |

2 x 2
+

c y +
(
1+ c 2

y

)
ζ

w2
0

∣∣σy

∣∣2 y 2, (12b)

2= l(π/4)− (2p + |l | + 1)ω+. (12c)

For some values of c x , c y , and ζ for whichω− = π/4, an LG-to-
HG mode conversion takes place. Using the relation

arctan(a)− arctan(b)= arctan

(
a − b
1+ ab

)
, (13)

and considering lim
ϑ→0

tan(ϑ)=±∞, the condition ω− = π/4

leads to a quadratic equation in terms of ζ as [33](
1+ c x c y

)
ζ 2
+
(
c x + c y

)
ζ + 1= 0. (14)

This quadratic equation identifies the propagation distances
at which the conversion of LG to HG modes occurs. These
propagation distances can be obtained by

ζ =
−
(
c x + c y

)
±

√(
c x − c y

)2
− 4

2
(
1+ c x c y

) . (15)

Equation (15) yields acceptable values for ζ only if they
are real and positive. Then acceptable values of ζ require
|c x − c y | ≥ 2. To examine the roots of Eq. (14), we can express
it as ζ 2

− Sζ + P = 0, where S and P represent the sum and
product of the roots, respectively. Consequently, we get

S =−
c x + c y

1+ c x c y
, P =

1

1+ c x c y
. (16)

When |c x − c y | = 2, Eq. (14) has a single, repeated root.
Positive roots require both P > 0 and S > 0, leading to the
conditions c x c y >−1 and (c x + c y ) < 0. When |c x − c y |> 2,
Eq. (14) has two distinct roots. This presents three possibil-
ities: both roots are positive, both roots are negative, or they
have opposite signs. The first possibility requires c x c y >−1
and (c x + c y ) < 0, the second one requires c x c y >−1 and
(c x + c y ) > 0, while the latter requires c x c y <−1. Then
LG-to-HG mode conversion during the propagation occurs
zero, one, or two times depending on the values of c x and
c y . Two conversions occur when |c x − c y |> 2, c x c y >−1,
and (c x + c y ) < 0. A single conversion occurs when either
|c x − c y |> 2, c x c y <−1, or when |c x − c y | = 2, c x c y >−1,
and (c x + c y ) < 0. Otherwise, no LG-to-HG mode conversion
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Fig. 1. Values of c x and c y for which LG-to-HG mode conversion
occurs once (Zone 1), twice (Zone 2), or never (Zone 3).

occurs. Figure 1 shows the values of c x and c y for which LG-
to-HG mode conversion occurs once, twice, or never. Figure 2
shows the propagation of an LG beam with p = 1 and l = 3
possessing astigmatism, based on Eq. (8), having various values
of c x and c y . The LG-to-HG mode conversion occurs once,
twice, or never during the propagation depending on the values
of c x and c y . The values of (c x , c y ) used in the first to sixth rows
of Fig. 2 are shown with the letters A–F in Fig. 1.

Moreover, considering the special case c x c y =−1, which cor-
responds to the boundary of the blue region in Fig. 1, Eq. (14)
reduces to a linear equation whose root is

ζ =
1

c−1
x − c x

. (17)

This is an acceptable answer provided that 0< c x < 1 or
c x <−1. As an example, the case c x = 0.5 and c y =−2 is
illustrated in the third row of Fig. 2, where LG-to-HG mode
conversion occurs once at the propagation distance predicted
by Eq. (17). The background Visualization 1 illustrates the
evolution of an astigmatic LG beam with l = 3 and p = 1 for
variables c x and c y .

As an alternative approach, we can expand an LG mode into
HG modes and obtain, after straightforward calculations spelled
out in Supplement 1, we obtain

9(r, z) ∝ γwxwy e iγ r 2
e
−γ 2

(
w2

x x2
+w2

y y 2
)

×

p∑
n=0

|l |∑
m=0

c±m,ne i(n1φx+n2φy )Hn1

(√
2γ |wx |

2x
w0

)
×Hn2

(√
2γ |wy |

2 y
w0

)
.

(18)
Here c±m,n is defined in Eq. (S5) of Supplement 1, n1 =

|l | + 2n −m, and n2 = 2p − 2n +m. Furthermore,

wx =
w0

√
1− i(c x + zR/z)

, wy =
w0√

1− i(c y + zR/z)
,

(19a)

φx = arctan

(
c x +

zR

z

)
, φy = arctan

(
c y +

zR

z

)
.

(19b)
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Fig. 2. Propagation of an LG beam with p = 1 and l = 3 influenced
by astigmatism having various values of c x and c y so that LG-to-HG
mode conversion occurs once (first and second rows), twice (third and
fourth rows), or never (fifth and sixth rows). All patterns are depicted
in stretched coordinates (x1, y1) defined by Eq. (12a). For additional
details, see also Visualization 1.

Equation (18) offers several advantages over Eq. (10). The
key advantage is the latter involves both Hermite and Jacobi
polynomials, while the former is expressed solely in terms of
Hermite polynomials and does not involve a removable singu-
larity atω− = π/4. This circumstance makes our representation
especially suitable for numerical simulations.

Next, specifying to the case p = 0, after some algebra
outlined in Supplement 1, we can simplify Eq. (18) as

9(r, z)∝ γwxwy e iγ r 2
e
−γ 2

(
w2

x x2
+w2

y y 2
)
ϕ|l |(z)H|l |

×

√2γ
(
|wx |

2e iφx x ± i
∣∣wy

∣∣2e iφy y
)

w0ϕ(z)

 , (20)

where ϕ(z)=
√

e 2iφx − e 2iφy . This is similar to the equation
obtained in Ref. [18] for the case where p = 0.

4. CONVERGING CYLINDRICAL LENS AS AN
OPTICAL ELEMENT WITH ASTIGMATIC PHASE
ABERRATION

We can write the transmittance function of a converging cylin-
drical lens as [38]

t(x )= exp

(
−

iπ x 2

λ f

)
, (21)

where f is the focal length of the lens. By comparing Eq. (21)
with the general astigmatism form in Eq. (8), we find
c x =−zR/ f and c y = 0. Therefore, the diffraction of an
LG beam from a converging cylindrical lens can be predicted
employing Eq. (10) or Eq. (18) only setting c x =−zR/ f and
c y = 0. Furthermore, substituting these values into Eq. (14)
determines the propagation distances for LG-to-HG mode con-
version. By substituting c x =−zR/ f and c y = 0 in Eq. (15),
we get

ζ =
zR

2 f

1±

√
1−

(
2 f
zR

)2
 . (22)

Obviously, the LG-to-HG mode conversion requires 2 f ≤ zR

or equivalently w0 ≥
√

2 f λ/π . As we typically have f � zR ,
the following estimation is reasonable:

ζ
app
1 ≈

f
zR
, ζ

app
2 ≈

zR

f
, (23)

where we used
√

1− x 2 ≈ 1− 1
2 x 2 for x � 1. Then the propa-

gation distances can be estimated as follows:

zapp
1 ≈ f , zapp

2 ≈ z2
R/ f . (24)

In Fig. 3, we display—see left to right—an LG beam with
p = 2 and l =±2, a converging cylindrical lens with a focal
length f = 16.5 cm and the corresponding diffraction pat-
tern in the focal plane of the lens. The insets show horizontally
enlarged images of the diffraction patterns. As expected, LG-
to-HG mode conversion takes place in the focal plane of the
cylindrical lens. The intensity pattern appears tightly focused
due to the action of the cylindrical lens. However, this pat-
tern can be stretched to better reveal the LG-to-HG mode
conversion. The resulting intensity distribution forms a two-
dimensional array of spots, which depends on the beam’s TC

Fig. 3. Empirical arrangement illustrating the diffraction of (LG)
beams with p = 2 and azimuthal index l =±2 using a cylindrical lens.
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Fig. 4. Diffraction patterns of LG beams having λ= 532 nm, p = 1, l = 3, w0 = 0.25 mm (first row), and w0 = 0.5 mm (second row) from a
cylindrical lens with f = 10 cm at exact and estimated distances, respectively, obtained from Eqs. (22) and (24). All insets are depicted in stretched
coordinates (x1, y1) defined by Eq. (12a).

and radial index. By counting these spots, the TC and radial
index can be determined.

To validate Eqs. (22) and (24), in Fig. 4, we depict the diffrac-
tion of LG beams with λ= 532 nm,w0 = 0.25 mm (first row),
and w0 = 0.5 mm (second row) from a cylindrical lens with
f = 10 cm at exact and estimated distances. Obliviously, the
LG-to-HG mode conversion occurs at exact distances. The
Rayleigh ranges are zR ≈ 37 cm (first row) and zR ≈ 1.5 m
(second row). Consequently, the condition f � zR is satisfied
only in the second row, resulting in LG-to-HG mode conversion
at both the exact and estimated distances.

The experimental setups used in this study are illustrated in
Fig. 5. The beam generation section features an Nd:YAG diode-
pumped laser operating at a wavelength of λ= 532 nm. A beam
expander system, comprising a spatial filter and a collimating
lens, ensures proper beam collimation. The collimated beam
then interacts with multicircle phase-shifted amplitude fork
gratings exhibiting a sinusoidal profile, characterized by central
and intermediate radial phase discontinuities [39]. The radial
index and TC of the generated LG beam depend on the fork’s
charge and the number of surrounding phase discontinuity
rings.

In the LG beam generation section, a specific diffraction
order of the output LG beams from the amplitude gratings is
selected, while the remaining orders are blocked. The selected
beam then encounters an astigmatic optical element. For
diffraction-based elements, an additional obstacle is employed
to eliminate unwanted diffraction orders, as shown in Fig. 5(b).

The characterization section, also referred to as the LG-
to-HG conversion section, follows a similar approach: one
diffraction order of the output LG beams is isolated, while the
others are suppressed. Figure 5(a) illustrates the optical char-
acterization setup with a cylindrical lens, where the two-way
arrow indicates the positions at which images are captured by
a Nikon D7200 camera, both before and after the focal plane.
Figure 5(b) depicts an alternative setup utilizing either a curved
linear amplitude grating or an off-axis elliptical ZP loaded
onto a spatial light modulator (SLM) (3M X50, resolution:

Fig. 5. Experimental setups used in this study. (a) Optical char-
acterization setup employing a cylindrical lens, where the two-way
arrow indicates the positions at which images are captured by a Nikon
D7200 camera, both before and after the focal plane. (b) Alternative
setup featuring either a curved linear amplitude grating or an off-axis
elliptical zone plate (ZP) loaded onto a spatial light modulator (SLM).
In the case of an off-axis elliptical grating, the displacement is adjusted
to shift the ellipse’s center horizontally or vertically.

1024× 768, display: 0.7 in. polysilicon LCD). When an off-
axis elliptical ZP is used, the displacement is adjusted so that the
center of the ellipse is shifted from the origin either horizontally
or vertically.

In Fig. 6, we exhibit experimental (bottom row) and theoreti-
cal (top row) results obtained from Eqs. (10) and (18) for an LG
beam with l = 2, p = 2, andw0 = 0.8 mm transmitted through
a cylindrical lens with f = 16.5 cm at a variable propagation
distance in the vicinity of the focal plane of the lens. The figure
clearly confirms good qualitative agreement between the theory
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Fig. 6. Theoretical (top row) and experimental (bottom row) results of the diffraction of an LG beam with l = 2, p = 2, andw0 = 0.8 mm from a
cylindrical lens with f = 16.5 cm in different propagation distances before and after focal length. For additional details, see also Visualization 2.

and experiment, thereby testifying to the validity of our theo-
retical framework. In background Visualization 2, a calculated
diffraction pattern of an LG beam from a cylindrical lens under
propagation is presented, effectively demonstrating the effect of
astigmatism aberration on the LG beam.

5. QUADRATIC CURVED-LINE GRATING AS AN
ASTIGMATIC OPTICAL ELEMENT

We can consider a quadratic curved-line structure (parabolic
line) periodic along the x axis similar to a conventional grating.
In contrast, its functionality along the y axis is similar to a 1D
zone plate [27–29]. Therefore, the characteristic parameters
of a quadratic curved-line structure are the period 3 and the
focal length f for an incident beam with a wavelength λ, and its
transmission function is an arbitrary periodic function with a
period of3, which can be expressed as a Fourier series as

t(r)=
+∞∑

q=−∞

tq exp

[
i2πq

(
x
3
−

y 2

2λ f

)]
. (25)

Let us now consider the diffraction of an LG beam from a quad-
ratic curved-line grating. The complex amplitude immediately
after the grating can be expressed as

9(r,+0)=Ll
p(r/w0)t(r). (26)

Equation (26) can be rewritten as

9(r,+0)=
+∞∑

q=−∞

tq exp

(
i
2πq x
3

)
uq (r, 0), (27)

where uq (r, 0)= exp(−i πq y 2

λ f )L
l
p(r/w0). The form of uq (r, 0)

is comparable with Eq. (8) by setting c x = 0 and c y =−q zR/ f .
By employing Eq. (3), the complex amplitude of the light field
can be expressed as

9(r, z)= e iγ x2
+∞∑

q=−∞

tq e−iγ x2
q uq (xq , y , z), (28)

where xq = x − qλz
3

, and using Eq. (10),

uq (xq , y , z)

∝
e i[8q (r)+2q ]√∣∣σxσy ,q

∣∣
{
Gp+|l |,p

[
R
(
−
π
4

)
rq |

π
4 −ω−q

]
, l ≥ 0;

Gp,p+|l |
[
R
(
−
π
4

)
rq |

π
4 −ω−q

]
, l < 0.

.

(29)

Here

σx = 1+ iζ, σy ,q = 1− q z/ f + iζ, (30a)

rq =

(
xq

w0 |σx |
,

y

w0

∣∣σy ,q

∣∣
)
, ω±q =

arg σy ,q ± arg σx

2
,

(30b)

8q (r)=
ζ

w2
0|σx |

2 x 2
q +

c y +
(
1+ c 2

y

)
ζ

w2
0

∣∣σy ,q

∣∣2 y 2, (30c)

2q = l(π/4)− (2p + |l | + 1)ω+q . (30d)

An alternative approach based on Eq. (18) is presented in
Supplement 1.

The propagation distance at which the LG-to-HG mode
conversion is realized can be obtained by replacing f by f /q in
Eq. (22) as follows:

ζq =
q zR

2 f

1±

√
1−

(
2 f
q zR

)2
 . (31)

Then the LG-to-HG mode conversion is realized for the diffrac-
tion orders with q provided that 2 f ≤ q zR or equivalently
w0 ≥

√
2 f λ/qπ . If the LG-to-HG mode conversion require-

ment is fulfilled for the first diffraction order (q =+1), it will
be fulfilled for the higher ones q =+2,+3, . . .. For the case of
f � zR , the propagation distances can be estimated as follows:

zapp
1,q ≈ f /q , zapp

2,q ≈ q z2
R/ f . (32)

This result shows that LG-to-HG mode conversion occurs
at different propagation distances for different diffraction
orders, as shown in Fig. 7. The figure shows diffraction pat-
terns from a quadratic curved-line grating at the conversion
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Fig. 7. Diffraction patterns of an LG beam having λ= 532 nm, p = 1, l = 3, and w0 = 0.5 mm from a quadratic curved-line grating having
f = 70 cm and3= 0.07 mm. The patterns are shown at the predicted distances for LG-to-HG mode conversion for various diffraction orders at the
closer distance z1,q (left column) and far distance z2,q (right column). For additional details, see also Visualization 3.

Fig. 8. Intensity pattern of an LG beam with l = 2 and p = 2
(beam waist w0 = 0.8 mm), transmission through an amplitude
quadratic curved-line grating (sinusoidal profile with 3= 0.1 mm
and f = 94 cm), and resulting theoretical (third column) and exper-
imental (fourth column) diffracted patterns at z= 80 cm (see also
Visualization 4).

distances for the first (q = 1), second (q = 2), and third (q = 3)
orders. To enhance the visibility of the diffraction orders, the
Fourier coefficients tq were set equal for q = 0, ±1, and ±2.
Background Visualization 3 illustrates the dependence of
LG-to-Hg mode conversion distance on diffraction orders in
quadratic curved-line gratings.

Since in our previous work [27–29] we have studied this
grating numerically and experimentally, we only study the
theory and experiment here. In Fig. 8, we show the intensity pat-
tern of an LG beam with l = 2 and p = 2 with w0 = 0.8 mm,
the transmission of a sinusoidal profile curved-line grating
with amplitude quadratic with parameters 3= 0.1 mm and
f = 94 cm, and the resulting theoretical (third column)
and experimental (fourth column) diffracted patterns at the
propagation distance z= 80 cm, from left to right, respec-
tively. Background Visualization 4 presents a calculated
diffraction pattern of an LG beam as it passes through the
quadratic curved-line grating, illustrating the LG-to-Hg mode
conversion.

6. OFF-AXIS DIFFRACTION OF AN LG BEAM
FROM ELLIPTICAL ZONE PLATE

The transmission function of an elliptical ZP, with the offset
position of x0 relative to the optical axis, can be expressed as a
Fourier series:

t(r)=
+∞∑

q=−∞

tq exp

[
−iπq
λ

(
(x − x0)

2

fx
+

y 2

f y

)]
. (33)

By considering the diffraction of an LG beam from an elliptical
ZP, the complex amplitude immediately after the grating can be
expressed as

9(r,+0)=
+∞∑

q=−∞

tq exp

(
i
2πq x0x
λ fx

)
uq (r, 0), (34)

where

uq (r, 0)= exp

(
−iπq x 2

0

λ fx

)
exp

[
−iπq
λ

(
x 2

fx
+

y 2

f y

)]
Ll

p(r/w0).

(35)
Clearly, uq (r, 0) is comparable with Eq. (8) by setting
c x =−q zR/ fx and c y =−q zR/ f y . The complex amplitude of
the diffracted light field can be expressed as

9(r, z)= e iγ x2
+∞∑

q=−∞

tq e−iγ x2
q uq (xq , y , z), (36)

by using Eq. (3), where xq = x − q z
fx

x0, and employing Eq. (10):

uq (xq , y , z)

∝
e i[8q (r)+2q ]√∣∣σx ,qσy ,q
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{
Gp+|l |,p

[
R
(
−
π
4

)
rq |

π
4 −ω−q

]
, l ≥ 0;

Gp,p+|l |
[
R
(
−
π
4

)
rq |

π
4 −ω−q

]
, l < 0,

(37)

where

σx ,q = 1− q z/ fx + iζ, σy ,q = 1− q z/ f y + iζ,

rq =

(
xq

w0

∣∣σx ,q

∣∣ , y

w0

∣∣σy ,q

∣∣
)
, (38a)

8q (r)=
c x + (1+ c 2

x )ζ

w2
0

∣∣σx ,q

∣∣2 x 2
q +

c y +
(
1+ c 2

y

)
ζ

w2
0

∣∣σy ,q

∣∣2 y 2,

ω±q =
arg σy ,q ± arg σx ,q

2
, (38b)
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Fig. 9. Top: regions of fx and f y where LG-to-HG mode conver-
sion occurs twice (Zone 2), once (Zone 1), or never (Zone 3). Bottom:
spatial separation of LG-to-HG conversion planes for the first diffrac-
tion order and f y /zR = 0.6; the dashed line in the top row indicates
the fx/zR range.

2q = l(π/4)− (2p + |l | + 1)ω+q −
πq x 2

0

λ fx
. (38c)

Here again an alternative approach based on Eq. (18) is
presented in Supplement 1.

By considering c x =−q zR/ fx and c y =−q zR/ f y , the con-
dition |c x − c y | ≥ 2 for the realization of the LG-to-HG mode
conversion leads to ∣∣∣∣ zR

fx
−

zR

f y

∣∣∣∣≥ 2

q
. (39)

This result shows that if the condition is fulfilled for the first
diffraction order (q = 1), it will also be fulfilled for higher
orders.

Figure 9 illustrates LG-to-HG mode conversion behavior in
parameter space ( fx , f y ): the top panel shows regions of double
(green), single (blue), and no conversion (red), and the bottom
panel displays the separation of conversion planes for the first
diffraction order and f y /zR = 0.6, with the range of fx/zR

values shown by the dashed line in the top panel.
Figure 10 illustrates the three conversion scenarios (twice,

once, and never) by showing the propagation of an LG beam
from elliptical ZPs with varying fx and f y values.

It is worth noting that for sinusoidal gratings, the summa-
tions involve only three terms corresponding to q =−1, 0, and
1. In Fig. 11, we show the off-axis diffraction of an LG beam
with l = 2, p = 2, andw0 = 0.8 mm from pure-amplitude (a),
(b) and pure-phase (c), (d) elliptical ZPs of sinusoidal profile.
In (a) and (c), the parameters are fx = 70 cm, f y = 3 fx , and
x0 = 5 mm, and the propagation distance z= 1

4 fx +
3
4 f y .

For (b) and (d), the parameters are swapped, with f y = 70 cm,
fx = 3 f y , and x0 = 5 mm, while the propagation distance
becomes z= 1

4 f y +
3
4 fx .

We can infer from the figure that the swapping of fx and f y

results in a reversal of the rotation direction of the diffracted
pattern. It is also important to note that the sign of the TC of the
incident beam affects the rotation direction as well. In Fig. 12,
we exhibit the first-order diffraction patterns of intensity in
the experiment (green) and theory (red). In all three cases,
fx = 70 cm, f y = 3Fx , λ= 532 nm, and l = 2; w0 = 0.6 mm

Fig. 10. Propagation of an LG beam with λ= 532 nm, p = 1, l = 3, andw0 = 0.5 mm from elliptical ZPs having various values of fx and f y so
that LG-to-HG mode conversion occurs twice (first row), once (second row), or never (third row).
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Research Article Vol. 42, No. 4 / April 2025 / Journal of the Optical Society of America A 503

Fig. 11. Theoretical prediction for the characterization of an LG beam with parameters l = 2, p = 2, and beam waistw0 = 0.8 mm, using either
pure-amplitude (a), (b) or pure-phase (c), (d) elliptical ZPs with sinusoidal profiles under off-axis illumination. In (a) and (c), the parameters are fx =

70 cm, f y = 3 fx , and x0 = 5 mm, and the propagation distance z= 1
4 fx +

3
4 f y , and for (b) and (d), the parameters are f y = 70 cm, fx = 3 f y , x0 =

5 mm, and z= 1
4 f y +

3
4 fx . For additional details, see also Visualization 5, Visualization 6, and Visualization 7.

for p = 0, w0 = 0.7 mm for p = 1, and w0 = 0.8 mm for
p = 2. As LG beams are transmitted through pure-phase ellip-
tical ZPs with a sinusoidal profile under off-axis illumination,
they produce a two-dimensional array of light spots. The TC
and the radial index of the primary beam can be determined by
enumerating these spots in both dimensions. For beams, the
number of intensity spots along one axis is given by p + 1, while
it is p + l + 1 along the other axis. If the radial index is zero,
there are l + 1 spots located along the same line. Even in the
absence of astigmatism-induced aberrations, the radial index
can be determined by counting the intensity rings around the
central ring in the transverse profile. However, astigmatism-
induced aberrations must be introduced to determine the TC of
a beam. This step facilitates the LG-to-HG mode conversion,
which is essential for characterizing the input LG beam, as the
spot count depends on both the radial index and the TC. The
background Visualization 5 and Visualization 6 provide detailed
theoretical diffraction patterns of an LG beam with l = 2 and
p = 2 passing through pure-amplitude and pure-phase ellip-
tical ZPs under off-axis illumination at various propagation
distances. Additionally, background Visualization 7 illustrates
the effect of off-axis illumination on a pure-amplitude elliptical
ZP by showing the diffraction pattern of an LG beam at the
propagation distance of z= 175 cm for different off-axis values
in the x direction. The obtained diffraction patterns affirm that
optical elements with astigmatic aberrations can be employed to
reveal the presence of TC and radial index of a vortex beam.

7. SUMMARY

In summary, our study revisits and refines the existing theo-
retical framework of LG-to-HG mode conversion using

astigmatism while also introducing a new independent
approach based on expanding LG modes in terms of HG
modes. Our central goal is to determine the conditions and
propagation distances for this mode conversion. The framework
is applied to analyze the diffraction of LG beams by cylindrical
lenses, quadratic curved-line gratings, and elliptical ZPs. A key
finding is that for quadratic curved-line gratings and elliptical
ZPs, the LG-to-HG conversion and its distance are depen-
dent on the diffraction order. We also investigated the far-field
propagation of astigmatic LG beams using two independent
methods, resulting in a useful formula potentially applicable
beyond paraxial optics. Finally, the work explores two types of
astigmatic phases that allow for controllable LG-to-HG con-
version, specifically enabling the control over the stretching and
orientation of the resulting HG modes. Our theoretical results
are in excellent qualitative agreement with our experiments. Our
work developed a theoretical model to describe the interaction
of an optical vortex with astigmatic optical elements. It might
also facilitate the design of new mode converter elements.
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Fig. 12. First-order diffraction patterns of LG beam intensities for given l and p behind a ZP of the sinusoidal profile under off-axis illumination
in experiment (green) and theory (red). Other parameters are fx = 70 cm, f y = 3 fx , λ= 532 nm, and l = 2;w0 = 0.6 mm for p = 0,w0 = 0.7 mm
for p = 1, andw0 = 0.8 mm for p = 2.
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