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As a paraxial wave packet is reflected or refracted from a planar interface separating two material media,
it experiences spatial and angular shifts of its center position with respect to predictions of the geometrical
ray picture. These in-plane and out-of-plane beam shifts are known as Goos-Hänchen and Imbert-Fedorov
shifts, respectively. We discover a universal link between the phase-space nonseparability of an incident
wave packet of any degree of spatial coherence and the reflected beam shifts. We unveil coherence Goos-
Hänchen and coherence Hall effects, absent in the fully coherent limit. While the former effect can trigger a
pronounced enhancement of the spatial Goos-Hänchen shift, the latter enables control of the spatial Imbert-
Fedorov shift, from complete cancellation at a certain incidence angle to dramatic enhancement of the shift
to giant magnitudes for nearly incoherent incident wave packets. Our results are equally applicable to
optical, x-ray, and neutron, as well as matter waves, and they showcase novel phenomena in wave-matter
interactions.
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Introduction—The spatial Goos-Hänchen (GH) [1] and
Imbert-Fedorov (IF) [2,3] shifts of optical beams reflected
from a flat interface separating two dielectric media, which
are among the most striking manifestations of the wave
nature of light, were originally discovered in the context of
total internal reflection. The discovery was followed by the
disclosure of angular GH and IF shifts in partial reflection
[4,5] and the recognition that similar wave phenomena
occur in the reflection or refraction of neutrons [6,7], x-rays
[8], and electrons [9,10], as well as spin [11] and matter
waves [12,13] from spatial or spatiotemporal [14] inter-
faces of two material media. In addition, GH and IF shifts,
the latter is associated with the so-called spin-Hall effect
[15–19], have found numerous applications to temperature
[20] and humidity [21] sensing, differential microscopy
[22–24], and the reflectometry of structured surfaces,
including resonant structures [25,26] and layered magnetic
materials [27].
Although GH and IF shifts of conventional Gaussian

beams have been extensively researched, spatial and
angular shifts of structured wave packets have sparked
growing interest. In particular, the orbital angular momen-
tum (OAM) content of vortex-endowed light beams has
been shown to affect the magnitude of the shifts [28–36], as
has the quantum entanglement of spatial and polarization
degrees of freedom of incident wave packets [37]. At the

same time, there has been a long-standing controversy vis-
à-vis the effect of spatial coherence of the incident light
source on the spatial GH shift. While some theoretical [38–
40] and experimental [41,42] studies found no link between
the source coherence and the magnitude of the spatial GH
shift, others came to diametrically opposite conclusions
[43,44].
Here, we advance a general phase-space theory of spatial

and angular shifts in reflection of paraxial wave packets
from a material interface employing theWigner distribution
function (WDF). Our theory reveals a fundamental con-
nection between the phase-space nonseparability of the
incident and optical shifts of the reflected wave packets,
and it clarifies the role of spatial coherence of the incident
wave packets in their interaction with material interfaces.
Specifically, using a twisted Gaussian Schell-model
(TGSM) beam [45–47] as a representative example of a
structured, partially coherent, phase-space nonseparable
wave packet, we disclose the existence of contributions
to spatial GH and IF shifts due to finite spatial coherence of
the incident wave packet that vanish in the fully coherent
limit. We refer to these novel contributions as coherence
GH and coherence Hall effects. While the former effect
causes a pronounced enhancement of the spatial GH shift,
the latter enables control of the spatial IF shift, from
complete cancellation at a certain incidence angle to
dramatic enhancement of the shift for nearly incoherent
incident wave packets.
The novelty and impact of our Letter are threefold. First,

we reveal a universal fundamental mechanism for beam
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shifts in reflection that stem from phase-space nonsepar-
ability of wave packets of any physical nature, from
classical electromagnetic to quantum matter waves.
Second, we derive general expressions for said shifts within
the framework of the WDF formalism, and third, we unveil
coherence GH and IF effects, thereby resolving a long-
standing controversy about the role of spatial coherence of
the source in beam shift formation. Although we express
our theory in optical terms, our results are generic to any
wave packets.
General theory—We start by considering a statistical

ensemble of electric fields fEig of paraxial electromagnetic
wave packets (beams) incident at the interface that sepa-
rates two transparent nonmagnetic media. We can express
the cross-spectral density matrix of the ensemble at a pair of
points r1 and r2 at the interface as [48] Wiðr1; r2;ωÞ ¼
hE�

i ðr1;ωÞET
i ðr2;ωÞi, where the asterisk, “T,” and the

angle brackets denote complex conjugation, transposition,
and ensemble averaging, respectively; the subscript “i”
refers to an incident beam. Assuming our beams to be
quasimonochromatic, we can drop the frequency depend-
ence hereafter. Next, we introduce a WDF matrix of the
incident beam ensemble as

Wiðκ;RÞ ¼
Z

drWiðR − r=2;Rþ r=2Þe−iκ·r; ð1Þ

where κ is a transverse momentum vector, R ¼
ðr1 þ r2Þ=2, and r ¼ r2 − r1. We note in passing that
the WDF of any quantum density operator is defined by
replacing the cross-spectral density matrix with the corre-
sponding matrix element of the density operator [49]; since
we utilize only second-order correlation functions, classical
and quantum descriptions should yield the same results.
We can write the WDF matrix Wi of any ensemble of

uniformly polarized incident wave packets as a product of
the polarization matrix A and scalar WDF Wi as

Wiðκ;RÞ ¼ AWiðκ;RÞ; ð2Þ

where

A ¼
� jaxj2 a�xay
axa�y jayj2

�
: ð3Þ

Here ax and ay are the amplitudes of in-plane and out-of-
plane polarization components, respectively; x and y axes
are attached to an incident beam (see Fig. 1). Further, the
scalar WDF is defined in terms of the scalar cross-spectral
density by the equation strictly analogous to Eq. (1) [50].
We are now in a position to define the centroid position

vector of the beam as

⟪Rcðz0Þ⟫ ¼
R
dκ

R
dR0R0Tr½Wrðκ;R0; z0Þ�R

dκ
R
dR0Tr½Wrðκ;R0; z0Þ� ; ð4Þ

where the subscript “r” refers to the quantities and the
prime to the coordinates associated with the reflected beam
(Fig. 1). Next, we can determine the centroid of the
reflected beam at any distance z0 away from the interface
in the Wigner picture (see Sec. S2 of the Supplemental
Material [50]),

⟪Rc⟫ ¼ Δþ δR þ δΘ: ð5Þ

Here the first term on the right-hand side reads as

Δ ¼ Δxe0x þ Δye0y; ð6Þ

where

Δx ¼ −
jaxj2jrpj2 ImXp þ jayj2jrsj2 ImXs

jaxj2jrpj2 þ jayj2jrsj2
; ð7aÞ

Δy ¼
jrpj2 ImðYpa�xayÞ − jrsj2 ImðYsaxa�yÞ

jaxj2jrpj2 þ jayj2jrsj2
; ð7bÞ

and e0x and e0y are the unit vectors along the x0 and y0

directions. This term is independent of the phase-space

phase-space nonseparable
(TGSM) beam

reflected beam

FIG. 1. Illustrating the reflection of a phase-space nonseparable
wave packet, such as a TGSM beam at a dielectric interface. The
arrows in the cross section of the incident beam represent the
distribution of transverse wave vectors at different spatial
positions. The central transverse wave vectors at each spatial
point are highlighted in yellow; in the TGSM case, the yellow
arrows exhibit an azimuthal distribution with handedness deter-
mined by the sign of the twist factor u of the TGSM beam. This
spatially inhomogeneous transverse wave vector distribution
manifests the phase-space nonseparability of the beam, which,
in turn, gives rise to the coherence-controlled spatial GH (ΔGH)
and IF (ΔIF) shifts upon reflection.
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structure of a polarized incident beam. At the same time,
the other two terms on the right-hand side of Eq. (5)
describe spatial (δR) and angular (δΘ) shifts that depend on
the WDF matrix Wi of the incident beam. We can express
these shifts as

δR ¼ 2ðΛyR0κ0x − ΛxR0κ0yÞ; ð8Þ

δΘ ¼ 2z0

k
ðΛyκ0κ0x − Λxκ0κ0yÞ; ð9Þ

where

Λx ¼
jrpj2ReðYpa�xayÞ − jrsj2ReðYsaxa�yÞ

jaxj2jrpj2 þ jayj2jrsj2
; ð10aÞ

Λy ¼
jaxj2jrpj2ReXp þ jayj2jrsj2ReXs

jaxj2jrpj2 þ jayj2jrsj2
: ð10bÞ

In Eqs. (7) and (10), rs;p are (complex) reflection coef-
ficients of s and p polarizations, and Xs;p and Ys;p are the
corresponding shifts of fully coherent, phase-space sepa-
rable, polarized beams, explicitly given as

Xp;s ¼
1

k

∂ ln rp;s
∂θ

; Yp;s ¼
1

k

�
1þ rs;p

rp;s

�
cot θ: ð11Þ

Here k ¼ n1ω=c with n1 being the refractive index of the
upper half space (see Fig. 1). Further, we introduce a phase-
space average of any, in general, vector function Fðκ;RÞ
with respect to the WDF matrix of the incident beam
ensemble as

Fðκ;RÞ ¼
R
dR

R
dκFðκ;RÞTr½Wiðκ;RÞ�R

dR
R
dκTr½Wiðκ;RÞ� : ð12Þ

We note that the marginals of the WDF matrix provide
the angular spread and spatial intensity distribution of the
incident beam:

JðκÞ ¼
Z

dRTr½Wiðκ;RÞ�; ð13aÞ

IðRÞ ¼
Z

dκ
ð2πÞ2 Tr½Wiðκ;RÞ�: ð13bÞ

We can readily infer from Eqs. (12) and (13) that for any
paraxial beam, centered on its axis, we must have

R ¼
R
dRRIðRÞR
dRIðRÞ ¼ 0; κ ¼

R
dκκJðκÞR
dκJðκÞ ¼ 0: ð14Þ

In view of Eq. (2), the phase-space separability of any fully
polarized source can be quantified in terms of the scalar
WDF Wi as

Wiðκ;RÞ ¼ fðκÞgðRÞ; ð15Þ

where f and g are any scalar functions. It then follows at
once from Eqs. (8), (14), and (15) that spatial and
momentum averages in Eq. (8) factorize, leading to
δR ¼ 0 for any phase-space separable incident beam.
The phase-space nonseparability of a source leads to an
inhomogeneous momentum distribution of the incident
wave packet (see, e.g., in Fig. 1), which, in turn, affects
the spatial GH and IF shifts profoundly through the δR
cross term. At the same time, we can infer from Eq. (9) that
the angular shifts relate to the momentum-momentum
correlations and are unaffected by the phase-space non-
separability of the source. For this reason, we focus on
spatial GH and IF shifts henceforth.
Role of source coherence—We now show that in the low-

coherence limit, a phase-space nonseparable incident beam
can acquire large spatial GH and IF shifts in partial
reflection from the interface of transparent media. To make
our findings concrete, we consider an incident, fully
polarized, TGSM beam with the cross-spectral density
given by [45,46]

Wiðr1; r2Þ ∝ A exp

�
−
r21 þ r22
4σ2I

�
exp

�
−
ðr1 − r2Þ2

2σ2c

�

× e−iuðr1×r2Þ; ð16Þ

where we drop an irrelevant normalization factor; σI and σc
are the rms beam and coherence widths, u is a twist
parameter, and r1 × r2 ¼ x1y2 − x2y1. The corresponding
scalar WDF reads as [47]

Wiðκ;RÞ ¼ W−ðκx; YÞWþðκy; XÞ; ð17Þ

where

W−ðκx; YÞ ∝ e−Y
2=2σ2I e−ðκx−uYÞ2σ2eff=2; ð18aÞ

Wþðκy; XÞ ∝ e−X
2=2σ2I e−ðκyþuXÞ2σ2eff=2: ð18bÞ

Here σ−2eff ¼ σ−2c þ ð2σIÞ−2. It follows from Eqs. (18) that
the momentum of the wave packet in the x (y) direction is
(classically) entangled with the corresponding y (x) coor-
dinate. The degree of such phase-space nonseparability is
quantified by the strength of the twist parameter u [47],
which obeys the constraint −1=σ2c ≤ u ≤ 1=σ2c and hence
vanishes in the fully coherent limit, σc → ∞. The TGSM
sources were experimentally realized in [56–58] and have
played prominent roles in random soliton theory [59], spin-
orbit interactions with random light [60], optical informa-
tion transfer through turbulence [61,62], optical imaging
[63,64], and spontaneous parametric down-conversion
engineering [65].
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In Sec. S2 of the Supplemental Material [50], we derive a
closed form expression for the centroid position of a
reflected TGSM beam as

⟪Rcðz0Þ⟫ ¼ Δ −
2t
ξ2c

Λþ 2z0

zRξ2c

�
1þ ξ2c

4
þ t2

ξ2c

�
Θ: ð19Þ

Here zR ¼ kσ2I is a Rayleigh range associated with the
width of the source; t and ξc are dimensionless twist and
coherence parameters, defined as

−1 ≤ t ¼ uσ2c ≤ 1; ξc ¼ σc=σI: ð20Þ
In addition, we introduce the vectors Λ ¼ Λxe0x þ Λye0y
and Θ ¼ Λye0x − Λxe0y.
The analysis of Eq. (19) reveals that the second term on

its right-hand side can dominate spatial GH and IF shifts in
the low coherence limit, ξc → 0, yielding giant shifts. The
sign of either shift is governed by the twist parameter t.
Since the twist phase vanishes in the fully coherent limit
[45], we refer to the corresponding effect as a coherence
GH shift. Note that all previous studies of GH shifts with
partially coherent wave packets [38–44] were concerned
with Gaussian Schell-model beams which are phase-space
separable, and hence do not exhibit this novel effect. In the
limit t ¼ 0, the coherence GH shift vanishes, and our
results are in agreement with [38–42], but contrary
to [43,44].
We can explain the spatial GH and IF shift enhancement

of nearly incoherent incident beams by noticing that in the
low-coherence limit, the WDF of a TGSM source has a
wide momentum distribution [see Eqs. (18)], which, in
turn, induces a large spatial shift due to phase-space
nonseparability. Alternatively, the phase-space nonsepar-
ability of a TGSM beam source is manifest by the
circulation of the wave vector field around the beam axis
with the circulation direction governed by the sign of t (see
Fig. 1), and with the OAM of −2tℏ=ξ2c per photon [66].
Therefore, the coherence GH shift of the TGSM beam is
similar to that due to the OAM of a fully coherent vortex
beam. However, unlike the latter, the TGSM beam has a
Gaussian intensity profile with no axial singularity.
Therefore, its OAM is akin to that of a solid rotor, which
scales with the rotor size, rather than being fixed by the
topological charge of the beam [66]. As a result, the TGSM
OAM can reach extremely large magnitudes for nearly
incoherent, wide beams, causing huge GH and IF shifts. In
contrast, the enhancement of the spatial shifts due to a
coherent vortex is limited in practice by our inability to
generate noise-free vortices with higher-order topological
charges [67]. We stress here that phase-space nonsepar-
ability is not synonymous with OAM.While the former is a
broad concept involving correlations among, in general, all
components of R and κ, the latter involves only a specific
subset of correlations, namely those between x and κy, and
between y and κx.

Numerical validation—We now validate our analytical
results with numerical simulations, employing the angular
spectrum decomposition and coherent-mode representation
of the cross-spectral density matrix of a TGSM beam
ensemble [50]. We first consider the case of partial
reflection, where the refractive indices of the two media
are n1 ¼ 1 (air) and n2 ¼ 1.515 (glass). In addition, we
consider a linearly polarized incident TGSM beam with
ax ¼ ay ¼ 1, at wavelength λ0 ¼ 633 nm, and a beam
waist of σI ¼ 1 mm. In Fig. 2, we show the dependence of
spatial GH and IF shifts on the incidence angle θ for the
variable ξc marked with the corresponding colors. The
solid, dotted, and dash-dotted curves correspond to our
analytical results obtained from Eq. (19) for t ¼ 0.99,
t ¼ −0.99, and t ¼ 0, respectively, and our numerical
results are marked with colored triangles. We observe
marked enhancement of GH and IF shifts for large t and
small ξc, manifesting very good agreement between the
theory and simulations. Instructively, we find that even for
linearly polarized incident beams, which carry no spin
angular momentum, the twist phase leads to a transverse IF
shift upon reflection. This phenomenon resembles the
optical spin Hall effect, in which the spin of the incident
beam induces a transverse IF shift. Here, however, the shift
is induced by the beam coherence rather than spin, and we
dub this the coherence Hall effect in reflection. Importantly,
while spin-induced IF shifts are typically shorter than the
wavelength, the coherence Hall effect produces coherence
controlled shifts that attain values as large as 240 wave-
lengths for ξc ¼ 0.06 in our simulations (within the para-
xial region).
Next, we consider the case of partial reflection of a

circularly polarized TGSM beam ensemble. To this end, we
let ax ¼ 1 and ay ¼ eiπ=2. In this case, the GH shift

FIG. 2. Analytical (curves) and numerical (triangles) results for
the spatial IF and GH shifts of a linearly polarized TGSM beam
under partial reflection and variable t and ξc. The simulation
parameters are n1 ¼ 1, n2 ¼ 1.515, ax ¼ ay ¼ 1, λ0 ¼ 633 nm,
σI ¼ 1 mm. The solid, dotted, and dash-dotted curves correspond
to t ¼ 0.99, t ¼ −0.99, and t ¼ 0.
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vanishes identically (see the End Matter), and the IF shift
consists of two contributions: one from the spin Hall effect
and the other from the coherence Hall effect, which makes
it possible to cancel the overall IF shift altogether by tuning
the sign of t at a sufficiently high coherence level. We
illustrate this novel effect in Fig. 3. The curve for t ¼ 0
shows the spin-induced IF shift, which is always positive in
the angular interval θ∈ ð0°; 90°Þ for ax ¼ 1 and ay ¼ eiπ=2,
and becomes negative for ax ¼ 1 and ay ¼ e−iπ=2.
Introducing a twist phase with t ¼ 0.99, we observe the
cancellation of the IF shift at a particular angle of incidence.
As ξc decreases, the cancellation angle gradually shifts to
smaller values. The analytical and numerical results in
Fig. 3 are in excellent agreement.

Finally, we consider total internal reflection of TGSM
beams from the glass-air interface. The refractive indices of
the twomedia are n1 ¼ 1.515 and n2 ¼ 1, giving the critical
angle for total internal reflection as θc ¼ arcsinðn2=n1Þ ¼
41.305°. Our analysis (see the End Matter) indicates that
above the critical angle Λ ¼ Θ ¼ 0 which implies that for
the incidence angles θ ≥ θc, neither spatial nor angular shifts
depend on either source coherence or its phase-space
structure. We illustrate this point in Fig. 4 by comparing
the GH and IF shifts with t ¼ 0.99 and variable ξc for
incidence angles greater and smaller than θc.
Conclusions—In summary, we have discovered a link

between the phase-space nonseparability of an incident
paraxial wave packet and spatial shifts of the packet in
reflection from an interface separating two transparent
media. We have derived a general expression for GH
and IF shifts of a phase-space nonseparable wave packet
of any degree of spatial coherence and illustrated our results
with a TGSM beam reflection from the interface. Our
results elucidate the role of spatial coherence in wave
packet reflection from the interface and resolve a long-
standing controversy about the role of spatial coherence of
the source in spatial GH shift formation. Instructively and
contrary to the common wisdom, we have shown that the
most pronounced GH and IF shifts occur in partial
reflection of phase-space nonseparable wave packets.
This circumstance and the giant enhancement of the shifts
in the low-coherence limit can facilitate their observation in
the laboratory. The coherence GH and coherence Hall
effects, which we have discovered, reveal subtle and, to our
knowledge, hitherto unnoticed fundamental aspects of the
interaction of structured wave packets with matter.
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End Matter

Appendix A: Partial reflection—In this case, Im rs ¼
Im rp ¼ 0 (for transparent media), implying that
ImXp;s ¼ ImYp;s ¼ 0. It follows from Eqs. (6) and (7)
that the e0x component of Δ vanishes, Δx ¼ 0. Further,
for circular polarizations, ax ¼ 1, ay ¼ e�iπ=2, say, we
can infer from Eq. (10a) that the e0x component of Λ
equals to zero as well, Λx ¼ 0. Therefore, the spatial
GH shift vanishes identically.

Appendix B: Total internal reflection—In this case, rs
and rp are unimodular complex functions, and Xs as
well as Xp are purely imaginary. Therefore, Λy ¼ 0 in
Eq. (10), implying that the e0y component of Λ and the
e0x component of Θ vanish. To prove that the e0x

component of Λ and the e0y component of Θ also
vanish, we proceed as follows:

Ysaxa�y ¼
1

k
cot θjaxjjayjð1þ eiΔϕÞeiΔχ ; ðB1Þ

Ypa�xay ¼
1

k
cot θjaxjjayjð1þ e−iΔϕÞe−iΔχ ; ðB2Þ

where Δϕ¼argðrpÞ−argðrsÞ and Δχ¼argðaxÞ−argðayÞ.
Thus, recalling that jrsj2 ¼ jrpj2 ¼ 1, we conclude that
jrsj2ReðYsaxa�yÞ − jrpj2ReðYpa�xayÞ ¼ 0. Combining it
with Eq. (10a), we obtain Λx ¼ 0. Therefore,

Λ ¼ Θ ¼ 0: ðB3Þ
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