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We advance a phase-space theory of partially coherent accel-
erating, non-diffracting beams employing the Wigner distri-
bution function (WDF). We derive a general expression for
the WDF of any accelerating, diffraction-free beam of arbi-
trary degree of spatial coherence and find an elegant closed-
form expression for the WDF of such a beam with a Gaussian
energy spectrum of noise. We also show how partially coher-
ent accelerating beams of finite power can be constructed
within the Wigner picture. © 2026 Optica Publishing Group. All
rights, including for text and data mining (TDM), Artificial Intelligence
(AI) training, and similar technologies, are reserved.
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The discovery of non-diffracting quantum wave packets that
can accelerate in free space [1] has prompted initial interest
in the subject of wave packet acceleration. The subsequent ex-
perimental realization of finite-power, accelerating Airy beams,
capable of defying diffraction over finite distances [2], has trig-
gered much research activity into accelerating optical beams
[3]. Coherent Airy beams have since found numerous appli-
cations to filamentation [4], supercontinuum generation [5],
optical light bullet formation [6], and optical imaging [7,8],
among others [3].

At the same time, much less work has been devoted to par-
tially coherent diffraction-free beams [9–11]. In this context,
Airy beams on incoherent background, which defy diffraction
in free space at the expense of having their acceleration sup-
pressed, were theoretically proposed [11] and experimentally
realized [12], and their self-healing properties were examined
[12]. On the other hand, several particular classes of partially co-
herent Airy beams that maintain their acceleration in free space
were introduced and even nearly incoherent accelerating Airy
beams were generated in the laboratory [10].

In this Letter, we advance a general theory of accelerating
beams of any degree of spatial coherence employing the con-
cept of the Wigner distribution function (WDF). Specifically,
we derive a general expression for the WDF of any accelerating,
diffraction-free beam of arbitrary degree of spatial coherence
and find an elegant closed-form expression for the WDF of
such a beam with a Gaussian energy spectrum of noise. We
mention that the WDF formalism has been applied to treat
quantum [13] and classical [14,15] wave packet evolution alike.

Recently, the WDF has become instrumental in unveiling a
new type of classical entanglement, phase-space nonseparability
[16], which has been shown to dramatically affect optical beam
shifts in reflection of structured partially coherent wave pack-
ets from a flat interface [17]. In this context, our phase-space
approach enables us to treat coherent and partially coherent ac-
celerating beams within the same formalism. We stress that our
methodology brings new insight into the phase-space evolution
of finite-power accelerating beams and highlights an alternate
route to the generation of such beams by truncating the momen-
tum distributions of ideal accelerating beams. Our work may
find applications to particle trapping and manipulation as well
as to optical communications through noisy environments.

We start by recalling that the propagation of a paraxial wave
packet of a classical optical field in free space is governed by
the same Schrödinger equation that describes the evolution of a
quantum particle there. It follows that the evolution of a classical
state vector |Ψ⟩ in Hilbert space obeys the equation:

𝑖𝜕𝑧|Ψ⟩ = ( ̂𝑘2/2)|Ψ⟩, (1)

where ⟨𝑥|Ψ⟩ is the electric field envelope of the wave packet
and ̂𝑘 = −𝑖𝑑/𝑑𝑥 in the coordinate representation. Henceforth, we
work in dimensionless variables assuming that any transverse
spatial scale 𝑥 is normalized to a characteristic transverse width
of a wave packet. A formal solution to Eq. (1) reads as follows:

|Ψ(𝑧)⟩ = 𝑒−𝑖𝑧𝑘̂2/2|Ψ(0)⟩, (2)

where, in the coordinate representation, we can express the field
envelope as

Ψ(𝑥, 𝑧) = ⟨𝑥|Ψ(𝑧)⟩ = ⟨𝑥|𝑒−𝑖𝑧𝑘̂2/2|Ψ(0)⟩. (3)

As was shown elsewhere [18], the evolution operator for a 1D
accelerating nonspreading wave packet must satisfy the equation

𝑒−𝑖𝑧𝑘̂2/2 = 𝑒𝑖𝑧3/6𝑒𝑖𝑧𝑥𝑒−𝑖𝑘̂𝑧2/2𝑒−𝑖𝑧𝐻̂(𝑘,𝑥), (4)

where the Hamiltonian ought to have the form:

𝐻̂ = ̂𝑘2/2 + ̂𝑥. (5)

We now introduce the eigenfunctions of 𝐻̂ corresponding to the
eigenvalues 𝜀,

𝐻̂|Ψ𝜀(0)⟩ = 𝜀|Ψ𝜀(0)⟩. (6)
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In the coordinate representation, Eq. (6) reads

(−
1
2

𝑑2

𝑑𝑥2 + 𝑥) Ψ𝜀 = 𝜀Ψ𝜀, (7)

which can be rewritten as

(−
1
2

𝑑2

𝑑𝑥2 + 𝑥 − 𝜀) Ψ𝜀 = 0. (8)

A simple change of variable 𝑥′ = 𝑏(𝑥 − 𝜀), where 𝑏 is a constant,
reduces Eq. (8) to a standard Airy equation [19]:

𝑑2Ψ𝜀
𝑑𝑥′2 = 𝑥′Ψ𝜀, (9)

provided 𝑏 = 21/3. A bound solution to Eq. (28) is a scaled,
shifted Airy function in the variable 𝑥 as

Ψ𝜀(𝑥) = 𝐴𝑖[21/3(𝑥 − 𝜀)]. (10)

Next, we can infer from Eqs. (3) and (4) that

Ψ𝜀(𝑥, 𝑧) = 𝑒𝑖𝑧3/6𝑒𝑖𝑧𝑥𝑒−𝑖𝜀𝑧Ψ𝜀(𝑥 − 𝑧2/2, 0). (11)

Equations (10) and (11) describe the only 1D accelerating non-
spreading wave packet, either classical or quantum, originally
discovered by Balasz and Berry [1] in the context of quantum
mechanics; the uniqueness was proven in [18] with the aid of the
operator approach that we adopt here.

We can now consider partially coherent accelerating beams.
To this end, we introduce a statistical operator 𝑊̂ [20], such that
its matrix element yields a cross-spectral density of the classical
light field, ⟨𝑥1|𝑊̂(𝑧)|𝑥2⟩ = 𝑊(𝑥1, 𝑥2, 𝑧). It stands to reason to rep-
resent the statistical operator in terms of coherent accelerating
states, which are eigenstates of 𝐻̂. To this end, we can express
𝑊̂ by analogy with a quantum density operator as

𝑊̂(𝑧) = ∫ 𝑑𝜀 𝑝(𝜀)|Ψ𝜀(𝑧)⟩⟨Ψ𝜀(𝑧)|. (12)

Here 𝑝(𝜀) is a noise spectrum of a partially coherent
wave packet, which we assume to be normalized, such that
∫ 𝑑𝜀 𝑝(𝜀) = 1. Hereafter, all integrations are over the entire real
axis. In the coordinate representation, Eq. (12) reads

𝑊(𝑥1, 𝑥2, 𝑧) = ∫ 𝑑𝜀 𝑝(𝜀)Ψ∗
𝜀(𝑥1, 𝑧)Ψ𝜀(𝑥2, 𝑧), (13)

which is a familiar representation of the cross-spectral density
in terms of pseudo-modes [21,22], chosen to be continuously
shifted Airy wave packets; the noise spectrum 𝑝(𝜀) specifies
the weight of each pseudo-mode in a modal expansion of the
cross-spectral density of the source. We note in passing that
a particular case of this representation with a discrete noise
spectrum, 𝑝(𝜀) = ∑𝑛 𝑝𝑛𝛿(𝜀 − 𝜀𝑛), was employed in [10] to
experimentally realize (nearly) incoherent accelerating beams.

We now demonstrate that any accelerating partially coherent
wave packet that resists diffraction can be elegantly described
within the framework of the Wigner distribution function W .
Defining the WDF as

W(𝑋, 𝑘, 𝑧) = ∫ 𝑑𝑥 𝑊(𝑋 − 𝑥/2, 𝑋 + 𝑥/2, 𝑧)𝑒−𝑖𝑘𝑥, (14)

where we introduce the center-of-mass and difference coordi-
nates:

𝑋 = (𝑥1 + 𝑥2)/2; 𝑥 = 𝑥2 − 𝑥1, (15)

we can express, after some algebra, the Wigner function of such
a wave packet as

W(𝑋, 𝑘, 𝑧) = ∫ 𝑑𝜀 𝑝(𝜀)WAi(𝑋 − 𝑧2/2 − 𝜀, 𝑘 − 𝑧). (16)

In Eq. (16), the Wigner function of a coherent shifted Airy wave
packet WAi, which we derive in Supplement 1, reads

WAi(𝑋 − 𝑧2/2 − 𝜀, 𝑘 − 𝑧) = 2−1/3𝐴𝑖(2𝑋 + 𝑘2 − 2𝑘𝑧 − 2𝜀).
(17)

Equations (16) and (17) are among the key results of this work;
they show that the WDF of an accelerating nonspreading wave
packet of any degree of spatial coherence stems from a weighted
superposition of WDFs of shifted replicas of a coherent Airy
beam.

However, Eq. (16) describes an ideal accelerating partially
coherent wave packet, which has a flat distribution in momen-
tum space and hence carries infinite power. We now show how
finite-power accelerating beams can be constructed employing
the Wigner function. To this end, we consider a cut-off in mo-
mentum space of a source that engenders an ideal accelerating
partially coherent beam. The cutoff function 𝑓𝑎(𝑘), where 𝑎 is a
characteristic cut-off scale in 𝑘-space, must be integrable in mo-
mentum space, guaranteeing a finite total power of the source.
The corresponding Wigner function of the source has the form

WFP(𝑋, 𝑘, 0) = 𝑓𝑎(𝑘)W(𝑋, 𝑘, 0), (18)

where the subscript FP stands for finite power. Next, the evolu-
tion of the Wigner function in free space is a pure phase-space
shear, such that

W(𝑋, 𝑘, 𝑧) =W(𝑋 − 𝑘𝑧, 𝑘, 0). (19)

Combining Eqs. (16), (11), (12), and (13), we can establish the
following exceptionally simple evolution law for a finite-power
accelerating wave packet:

WFP(𝑋, 𝑘, 𝑧) = 𝑓𝑎(𝑘)W(𝑋, 𝑘, 𝑧). (20)

Thus, constraining a source in momentum space ensures that any
accelerating wave packet generated by the source can be real-
ized in the laboratory. We note that the momentum cut-off can
involve either fine or large scales in 𝑘-space. The former case is
equivalent to introducing a (possibly soft) aperture in the source
plane that was discussed before [2], while the latter was precisely
the protocol behind the first experimental realization of coher-
ent finite-power Airy beams using an SLM [23]. We stress that
Eq. (20) is applicable to any accelerating paraxial wave packet
that carries finite power.

Further, it is no surprise that the momentum distribution
of any accelerated, diffraction-free partially coherent beam in
any transverse plane 𝑧 = 𝑐𝑜𝑛𝑠𝑡 is entirely determined by the
momentum-space cut-off. Indeed, combining Eqs. (16), (11),
and (14), as well as the definition of the momentum distribution
as a WDF marginal

𝐽(𝑘, 𝑧) = ∫ 𝑑𝑋WFP(𝑋, 𝑘, 𝑧), (21)

we obtain the expression:

𝐽(𝑘, 𝑧) ∝ 𝑓𝑎(𝑘) ∫ 𝑑𝑋 ∫ 𝑑𝜀𝑝(𝜀)𝐴𝑖[2𝑋 − 𝑧2 − 2𝜀 + (𝑘 − 𝑧)2].
(22)
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Next, using the integral representation of the Airy function [19]:

𝐴𝑖(𝑠) = ∫
𝑑𝑞
2𝜋

𝑒𝑖𝑞3/3+𝑖𝑞𝑠, (23)

and interchanging the order of integrations, we have

𝐽(𝑘, 𝑧) ∝ 𝑓𝑎(𝑘)∫𝑑𝜀𝑝(𝜀)∫𝑑𝑞𝑒𝑖𝑞3/3𝑒𝑖𝑞[(𝑘−𝑧)2−𝑧2−2𝜀] ∫
𝑑𝑋
2𝜋

𝑒2𝑖𝑞𝑋
⏟⏟⏟⏟⏟

= 1
2 𝛿(𝑞)

.

(24)

Finally, performing the integration over 𝑞 with the aid of the
delta function, we immediately arrive at:

𝐽(𝑘, 𝑧) ∝ 𝑓𝑎(𝑘), (25)

regardless of the power spectrum of noise at the source. The
intensity, on the other hand, is given by the other marginal
distribution:

𝐼(𝑋, 𝑧) = ∫
𝑑𝑘
2𝜋

WFP(𝑋, 𝑘, 𝑧). (26)

So far, our analysis and results have been generic to accelerat-
ing wave packets of any shape and degree of spatial coherence.
Let us now specify a source power spectrum of the form:

𝑝(𝜀) = √𝜉𝑐/𝜋 𝑒−𝜉𝑐𝜀2 , (27)

where 𝜉𝑐 is a coherence parameter. It follows at once from
Eq. (27) that 𝜉𝑐 → ∞ corresponds to a coherent wave packet
with 𝑝(𝜀) = 𝛿(𝜀), which yields the standard Wigner function of
a coherent Airy beam, first derived in [24] and corrected in [25].
Any finite 𝜉𝑐 controls the dynamics of this family of partially co-
herent accelerating beams. Combining Eqs. (16), (14), and (21),
employing Eqs. (17) and (23), and interchanging the order of
integrations, we obtain the expression:

W(𝑋, 𝑘, 𝑧) ∝ 𝑓𝑎(𝑘) ∫ 𝑑𝑞𝑒𝑖𝑞3/3𝑒𝑖𝑞(2𝑋+𝑘2−2𝑘𝑧)

× √𝜉𝑐/𝜋 ∫ 𝑑𝜀 exp[−𝜉𝑐(𝜀2 + 2𝑖𝑞𝜀/𝜉𝑐)].
(28)

Evaluating the Gaussian integral on the right-hand side of
Eq. (28), we arrive at

W(𝑋, 𝑘, 𝑧) ∝ 𝑓𝑎(𝑘) ∫ 𝑑𝑞 exp[𝑖Θ(𝑞, 𝑋, 𝑘)], (29)

where Θ(𝑞, 𝑋, 𝑘) = 𝑞3/3 + 𝑖𝑞2/𝜉𝑐 + 𝑞(2𝑋 + 𝑘2 − 2𝑘𝑧). Finally,
we can apply the change of variable technique described in
Supplement 1 on the right-hand side of Eq. (29) to obtain the
following closed-form expression for the WDF:

WG(𝑋, 𝑘, 𝑧) ∝ 𝑓𝑎(𝑘)𝑒[2𝑋−𝑧2+(𝑘−𝑧)2]/𝜉𝑐𝑒2/3𝜉3
𝑐

× 𝐴𝑖[2𝑋 − 𝑧2 + 1/𝜉2
𝑐 + (𝑘 − 𝑧)2].

(30)

Here, the subscript “G” corresponds to a Gaussian power spec-
trum of the source. We can infer from Eq. (30) that the Wigner
distribution reveals acceleration in physical space, combined
with drift in momentum space.

We note that the explicit form of the finite-energy cutoff
strongly affects the functional form of the cross-spectral density
of the source. It is then quite remarkable that the WDF distribu-
tion of any accelerating beam with a Gaussian noise spectrum

Fig. 1. Evolution of the WDF of an accelerating wave packet with
propagation distance 𝑧 produced by a fairly coherent source with
𝜉𝑐 = 4. The Gaussian cut-off parameter is 𝑎 = 0.1.

can be obtained in a closed form regardless of the explicit expres-
sion for the momentum space cutoff. Hence, the phase-space de-
scription of accelerating partially coherent beams yields a more
convenient quantitative picture of their free-space evolution than
the traditional approach that relies on the cross-spectral density.
We also note in passing that at any given 𝑧, the phase-space por-
trait of the WDF obeying Eq. (30) resembles the evolution of
the intensity profile of a coherent accelerating Airy beam as it is
displayed in the 𝑥𝑧-plane. This resemblance stems from the fact
that the WDF has the same Airy functional form as the intensity
profile of a finite-energy coherent Airy beam.

To illustrate the evolution of the WDF with a Gaussian noise
spectrum, we visualize in Fig. 1 the evolution of the wave packet
generated by a fairly coherent source with 𝜉𝑐 = 4 with a Gaus-
sian cut-off function 𝑓𝑎(𝑘) = 𝑒−𝑎2𝑘2 with 𝑎 = 0.1. We observe in
the figure that for a relatively small cut-off scale 𝑎 of, at least,
0.1, the Wigner distribution remains largely unchanged over the
range of propagation distances considered here, indicating ro-
bustness against finite-energy truncation during propagation. A
qualitatively similar scenario is realized for the WDF produced
by a relatively incoherent source with 𝜉𝑐 = 1 and the same cut-
off which we exhibit in Fig. 2. We can conclude comparing
Figs. 1 and 2 that the peak of the WDF is reduced as the source
coherence decreases. This conclusion is supported by Eq. (30)
that features an exponential cut-off to the WDF amplitude due
to reduced coherence of the source. In addition, finite coher-
ence provides a natural exponential cut-off point for the WDF
oscillations: The domain of negative values of W , which herald
coherent interference effects, shrinks with 𝜉𝑐. Despite the ab-
sence of oscillatory features in the low-coherence source case,
though, the WDF preserves its overall profile as it propagates
away from the source, at least, over four characteristic diffraction
lengths. We also studied several cut-off functions and discovered
that the WDF evolution is virtually insensitive to the shape of the
momentum cut-off as long as the cut-off parameter is sufficiently
small.

Further, the intensity profile of any accelerating random Airy
wave packet can be numerically evaluated using Eqs. (26) and
(30). In particular, for the same Gaussian cut-off with the param-
eter 𝑎 = 0.1, we display said intensity profile in Fig. 3. We can

https://doi.org/10.6084/m9.figshare.31804597
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Fig. 2. Evolution of the WDF of an accelerating wave packet with
propagation distance 𝑧 engendered by a relatively incoherent source
with 𝜉𝑐 = 1. The cut-off parameter is 𝑎 = 0.1.

Fig. 3. Intensity profiles of accelerating wave packets generated
by highly coherent 𝜉𝑐 = 10 (left) and moderately incoherent 𝜉𝑐 = 2
(right) sources as functions of 𝑋 for three propagation distances:
𝑧 = 0 (solid curve), 𝑧 = 2 (dashed curve), and 𝑧 = 4 (dotted curve).
The cut-off parameter is 𝑎 = 0.1.

infer from the figure that a highly coherent source with 𝜉𝑐 = 10
yields pronounced oscillations in the left tail of the intensity pro-
file, while much less coherent source with 𝜉𝑐 = 2 gives rise to
a nearly monotonic intensity profile. As each wave packet prop-
agates along the 𝑧-axis, the power is redistributed between the
peak of the main lobe and the left oscillatory or monotonous tail
of the packet. We also notice that regardless of the state of co-
herence of the source, the overall shape of the accelerating wave
packet remains virtually intact on propagation over, at least, a
few characteristic diffraction lengths associated with a typical
transverse scale of the source, such as the width of the main lobe,
say.

In conclusion, we have advanced a phase-space theory of
generic accelerating, non-diffracting paraxial wave packets of ar-
bitrary spatial coherence using the Wigner distribution function.
The WDF evolution of any such wave packet exhibits acceler-
ation in physical space and uniform drift in momentum space.
We have also demonstrated how the WDF of any accelerating
wave packet of finite-power can be constructed. The theory fur-
nishes an elegant, closed-form representation of the WDF of a
family of finite-power accelerating wave packets with a Gaus-
sian energy spectrum of noise. For any finite source coherence,
the WDF displays robustness against finite-energy truncation,
preserving its overall phase-space structure during propagation
whenever a characteristic momentum space cut-off is sufficiently
small. Our results may enable applications to particle steering

and guiding, as well as to optical communications through noisy
and randomly varying environments. In addition, there has been
notable recent progress in optical image encoding and transfer
through very noisy environments, including the turbulent atmo-
sphere, by leveraging spatial coherence of light sources; see, for
example [26,27]. The developed WDF formalism, which treats
coherent and partially coherent fields in a unified fashion, can
facilitate further advances in this direction.

Funding. Natural Sciences and Engineering Research Council of Canada
(RGPIN-2025-04064).

Acknowledgment. SAP acknowledges support from NSERC (RGPIN-
2025-04064). MH acknowledges support through an Izaak Walton Killam
Predoctoral Fellowship.

Disclosures. The authors declare no conflicts of interest.

Data availability. Data underlying the results presented in this paper are
not publicly available at this time but may be obtained from the authors upon
reasonable request.

Supplemental document. See Supplement 1 for supporting content.

REFERENCES
1. M. Balazs and M. Berry, Am. J. Phys. 4, 264 (1979).
2. G. A. Siviloglou and D. N. Christodoulides, Opt. Lett. 32, 979

(2007).
3. N. K. Efremidis, Z. Chen, M. Segev, et al., Optica 6, 686 (2019).
4. P. Polynkin, M. Kolesik, J. V. Moloney, et al., Science 324, 229 (2009).
5. C. Ament, P. Polynkin, and J. V. Moloney, Phys. Rev. Lett. 107,

243901 (2011).
6. A. Chong, W. H. Renninger, D. N. Christodoulides, et al., Nat.

Photonics 4, 103 (2010).
7. S. Jia, J. C. Vaughan, and X. Zhuang, Nat. Photonics 8, 302 (2014).
8. T. Vettenburg, H. I. Dalgarno, J. Nylk, et al., Nat. Methods 11, 541

(2014).
9. S. A. Ponomarenko, W. Huang, and M. Cada, Opt. Lett. 32, 2508

(2007).
10. Y. Lumer, Y. Liang, R. Schley, et al., Optica 2, 886 (2015).
11. M. Hajati, V. Sieben, and S. A. Ponomarenko, Opt. Lett. 46, 3961

(2021).
12. Q. Chen, M. Hajati, X. Liu, et al., Opt. Laser Technol. 169, 110020

(2024).
13. U. Leonhardt, in Measuring the Quantum State of Light (Cambridge

University Press, 1997), Vol. 22.
14. A. W. Lohmann, J. Opt. Soc. Am. A 10, 2181 (1993).
15. M. A. Alonso, Adv. Opt. Photonics 3, 272 (2011).
16. S. A. Ponomarenko, Opt. Lett. 46, 5958 (2021).
17. Y. Chen and S. A. Ponomarenko, Phys. Rev. Lett. 135, 193801

(2025).
18. K. Unnikrishnan and A. Rau, Am. J. Phys. 64, 1034 (1996).
19. M. Abramowitz and I. A. Stegun, Handbook of Mathematical Func-

tions: With Formulas, Graphs, and Mathematical Tables (National
Bureau of Standards, 2006), Vol. 55.

20. S. A. Ponomarenko, Opt. Lett. 40, 566 (2015).
21. F. Gori and M. Santarsiero, Opt. Lett. 32, 3531 (2007).
22. S. A. Ponomarenko, Opt. Express 19, 17086 (2011).
23. G. A. Siviloglou, J. Broky, A. Dogariu, et al., Phys. Rev. Lett. 99,

213901 (2007).
24. R.-P. Chen, H.-P. Zheng, and C.-Q. Dai, J. Opt. Soc. Am. A 28, 1307

(2011).
25. I. M. Besieris and A. M. Shaarawi, J. Opt. Soc. Am. A 28, 1828 (2011).
26. Y. Shen, H. Sun, D. Peng, et al., Appl. Phys. Lett. 118, 181102 (2021).
27. X. Liu, X. Li, S. A. Ponomarenko, et al., Laser Photonics Rev. 19,

2401534 (2025).

https://doi.org/10.6084/m9.figshare.31804597
https://doi.org/10.1119/1.11855
https://doi.org/10.1364/ol.32.000979
https://doi.org/10.1364/OPTICA.6.000686
https://doi.org/10.1126/science.1169544
https://doi.org/10.1103/PhysRevLett.107.243901
https://doi.org/10.1038/nphoton.2009.264
https://doi.org/10.1038/nphoton.2009.264
https://doi.org/10.1038/nphoton.2014.13
https://doi.org/10.1038/nmeth.2922
https://doi.org/10.1364/ol.32.002508
https://doi.org/10.1364/OPTICA.2.000886
https://doi.org/10.1364/OL.434168
https://doi.org/10.1016/j.optlastec.2023.110020
https://doi.org/10.1364/JOSAA.10.002181
https://doi.org/10.1364/AOP.3.000272
https://doi.org/10.1364/OL.445258
https://doi.org/10.1103/cnvj-6w6f
https://doi.org/10.1119/1.18322
https://doi.org/10.1364/OL.40.000566
https://doi.org/10.1364/ol.32.003531
https://doi.org/10.1364/OE.19.017086
https://doi.org/10.1103/PhysRevLett.99.213901
https://doi.org/10.1364/JOSAA.28.001307
https://doi.org/10.1364/JOSAA.28.001828
https://doi.org/10.1063/5.0046288
https://doi.org/10.1002/lpor.202401534

