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 A B S T R A C T

We introduce the concept of fractional wave turbulence governed by the fractional nonlinear 
Schrödinger equation with statistically stationary initial conditions. We explore non-Gaussian 
statistics and the intermittency of fractional optical turbulence in a stationary regime as a 
function of the Lévy index. We employ the high-pass filtered kurtosis of a random field as 
a statistical metric to quantify the strength of intermittency and to highlight the subtle nature 
of the Lévy index. We discover a non-monotonic dependence of the intermittency strength on 
the Lévy index of fractional turbulence and identify a range of Lévy indices where intermittent 
effects are especially pronounced.

1. Introduction
In the context of classical turbulence, intermittency manifests itself as non-uniform, sporadic turbulent bursts at fine scales in 

space or time [1–3]. The pronounced fine-scale deviations of statistical averages from the predictions of the central limit theorem 
(Gaussian statistics) are the hallmark of intermittency. The intermittency of classical turbulence was attributed by Kraichnan to 
the tremendous amplification of minute fluctuations of the dissipation rate of turbulent flows at small scales [4]. A detailed 
mathematical theory of dissipation-range intermittency was developed in connection with a wide class of nonlinear dynamical 
systems [5,6]. Remarkably, intermittency can also arise in the stochastic evolution of conservative nonlinear wave systems [7]. The 
term integrable turbulence was coined to describe the turbulent behavior of weakly dispersive nonlinear waves governed by the 
(integrable) nonlinear Schrödinger equation with statistically stationary initial conditions [8–10]. The study of integrable turbulence 
has two major advantages. First, the (integrable) nonlinear Schrödinger equation (NLSE) is effectively one-dimensional, (1+1)D to be 
exact. The lower dimensionality of integrable wave turbulence relative to that of classical turbulence (which is (3+1)D) is conducive 
to an accurate quantitative examination of multiple aspects of wave turbulence. Second, integrable turbulence can be easily realized 
in optical fibers [11], facilitating its experimental exploration [12].

At the same time, there has been growing interest in wave systems with fractional dispersion. The researchers’ curiosity was 
originally piqued by a rather academic study of the evolution of quantum particles whose phase space trajectories correspond to 
Lévy flights instead of the usual Brownian motion [13]. These Lévy flights can be quantitatively understood within the framework 
of the fractional linear Schrödinger equation. The mathematical analogy between the (linear) Schrödinger equation of quantum 
mechanics and the paraxial wave equation of optics prompted much research into fractional paraxial optics in the context of beams 
in free space or optical pulses in fibers experiencing either fractional diffraction or fractional dispersion [14,15]. This research has 
been naturally extended to nonlinear waves in systems with fractional dispersion/diffraction, governed by the fractional nonlinear 
Schrödinger equation (FNLSE), which has led to the exploration of modulation instability and solitons in such systems [16–22].

However, to our knowledge, studies of nonlinear wave systems obeying the FNLSE have so far been almost exclusively concerned 
with coherent waves. Here, we introduce the concept of fractional wave turbulence, which is triggered by statistically stationary 
input noise in wave systems governed by the FNLSE. The FNLSE regime can be realized by  engineering fractional dispersion of 
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optical waves with the aid of a programmable spatial light modulator (SLM) [23,24]. This opens up the opportunity to implement
fractional optical turbulence (FOT) in the laboratory. We note in passing that a recently studied scenario of rogue wave generation 
at the nonlinear stage of modulation instability of a plane wave driven by weak noise [25] does not constitute FOT because 
the emerging statistics of random waves are not stationary. This is essentially a complementary regime of non-stationary soliton 
turbulence seeded by modulation instability [25].

In this work, we study the statistics of fractional optical turbulence numerically. The rationale for these studies is twofold. First, 
fractional wave systems with the Lévy index 𝛼 < 2 feature weaker dispersion/diffraction than do conventional ones, thus allowing 
insight into a strongly nonlinear regime of wave turbulence even in weakly nonlinear media. Second, fractional wave systems 
provide fertile ground for extreme events, which are bound to occur more frequently in the strongly nonlinear regime. This triggers 
a fundamental question: Is FOT intermittent? If so, how is intermittency affected by the magnitude of the Lévy index, a control 
parameter that is not available for conventional optical turbulence?

Here, we reveal non-Gaussian statistics and intermittency of fractional optical turbulence in a stationary regime as a function 
of the Lévy index. We employ the high-pass filtered kurtosis of a random field as a statistical metric to quantify the strength of 
intermittency. Most intriguingly, we unveil a non-monotonic dependence of the intermittency strength on the Lévy index of fractional 
turbulence and identify a range of Lévy indices where intermittent effects are especially pronounced.

This work is organized as follows. In Section 2, we present our statistical model of FOT, followed by the discussion of our 
numerical results in Section 3. We summarize our findings in Section 4.

2. Theoretical model

Fractional optical turbulence is governed by the FNLSE of the form 

𝑖𝜕𝑧′𝜓 + 1
2
𝐷
(

−𝜕2𝑡′𝑡′
)𝛼∕2 𝜓 + 𝛾|𝜓|2𝜓 = 0, (1)

where 𝐷 and 𝛾 are effective dispersion and nonlinearity coefficients. The Lévy index 𝛼 can take on any nonnegative real values; the 
parameter range 1 ≤ 𝛼 ≤ 2 corresponds to Lévy flights where the range 𝛼 > 2 gives rise to a generalized FNLSE describing higher 
order fractional dispersion. The fractional derivative in Eq. (1) should be understood as a Riesz derivative [15,22], defined as 
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In light of a possible experimental realization in optical fibers, we work with optical waves whose spatial degrees of freedom 
are confined by the fiber, justifying a reduction in dimensionality to (1 + 1)D.

Introducing a characteristic time scale 𝜎𝑡 and the corresponding dispersion length 𝐿𝛼 = 𝜎𝛼𝑡 ∕|𝐷|, we can rewrite the FNLSE in 
dimensionless variables as: 

𝑖𝜕𝑧𝛹 − 1
2 (−𝜕

2
𝑡𝑡)
𝛼∕2𝛹 + |𝛹 |2𝛹 = 0, (3)

where 𝑡 = 𝑡′∕𝜎𝑡, 𝑧 = 𝑧′∕𝐿𝛼 and 𝛹 =
(

𝛾𝜎𝛼𝑡 ∕|𝐷|

)1∕2 𝜓 . Here, we assume anomalous dispersion, such that sgn(𝐷) = −1.
We consider an ensemble of statistically stationary waves at 𝑧 = 0 that obey the periodic boundary conditions. Each ensemble 

realization of the source field can then be expressed via a Fourier series of period 𝑇  as 

𝛹 (𝑡, 0) =
∞
∑

𝑛=−∞
𝑐𝑛𝑒

𝑖2𝜋𝑛𝑡∕𝑇 . (4)

Here {𝑐𝑛} is a set of complex uncorrelated random amplitudes such that 
⟨𝑐∗𝑚𝑐𝑛⟩ = 𝜆𝑛𝛿𝑚𝑛, (5)

where the angle brackets denote an ensemble average. We assume that the random phases of {𝑐𝑛} are uniformly distributed in the 
interval (−𝜋, 𝜋). Further, we choose the distribution of the mode weights {𝜆𝑛} to be Gaussian 

𝜆𝑛 = 𝜆0𝑒
−𝜁𝑐𝑛2 . (6)

Here, 𝜁𝑐 is a coherence parameter of the source ensemble; 𝜁𝑐 → ∞ corresponds to a completely coherent source field with only 
the lowest-order mode 𝑛 = 0 present, whereas 𝜁𝑐 → 0 yields a nearly incoherent source field composed of a multitude of Fourier 
modes with almost identical coefficients.

The random phase model of the source, defined by Eqs. (4) and (5), is frequently employed to study classical or wave 
turbulence [7,26] and random wave revivals [27].

3. Results & discussion

We carried out numerical simulations of the FOT induced by the statistically stationary wave ensemble of Eq. (4) with the 
statistics given by Eqs. (5) and (6), by solving the FNLSE with a standard split-step Fourier technique. In the simulations, we 
introduced a numerical time window of size 𝑇 = 257.36 with 𝑁𝑡 = 212 temporal grid points. The propagation distance extends 
to 𝑧 = 10 and discretized using 𝑁𝑧 = 212 points. Furthermore, the source ensemble is completely characterized by the coherence 
parameter 𝜁𝑐 ; in our simulations, we chose 𝜁𝑐 = 6.25.

In Fig.  1, we display the evolution of the (dimensionless) intensity of a typical ensemble realization as a function of the 
(dimensionless) propagation distance 𝑧 for a variable Lévy index. In Fig.  1(a), we display the case 𝛼 = 1. We can infer from 
2 
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Fig. 1. Intensity |𝛹 (𝑡, 𝑧)|2 of an individual ensemble realization for a variable Lévy index 𝛼. All panels share the same color map shown on the 
right. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the panel that the input random wave quickly gives rise to a set of random soliton-like structures surrounded by radiation waves. 
The latter arise due to the non-integrability of the FNLSE. Notice that random solitons persist over the propagation distance.

As we increase 𝛼 to 1.5, we observe that radiation waves carry away less power, but random soliton trajectories start intersecting, 
indicating collisions (Fig.  1(b)). The system thus evolves into an interacting gas of random solitons. The soliton gas density and the 
frequency of soliton collisions increase markedly for 𝛼 = 1.75, as we can infer from Fig.  1(c). On comparing Figs.  1(c), (d), and 
(e), we can conclude that for 𝛼 > 1.75 not only the soliton gas density, but also the frequency of soliton collisions decreases with 
𝛼. However, we note that Fig.  1(d) corresponds to the integrable NLSE case (𝛼 = 2). This explains the regular nature of soliton 
collisions, resulting in a relatively uniform distribution of random solitons within the soliton gas volume. Our results for 𝛼 = 2 agree 
with previously reported results [7].

We stress that our extensive numerical simulations lead to two main conclusions. First, as the value of 𝛼 approaches either end 
of the interval 𝛼 ∈ (1, 2), the random soliton collision frequency decreases. Second, soliton collisions become rare for 𝛼 > 2. The 
takeaway here is that FOT is strongly affected by the value of the Lévy index, and the collisions of individual solitons within a 
3 
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volume of random soliton gas appear to be non-monotonically affected by 𝛼 in the range 𝛼 ∈ (1, 2). To investigate the implications 
of these observations for the FOT statistics, we evaluated the probability density function (PDF) of normalized field intensities of 
the random field ensemble across varying propagation distances.

To find the normalized field intensity PDF, we formed an ensemble of 𝑁 = 103 realizations, propagated each individual realization 
by the FNLSE and averaged over the ensemble. We present our results in Fig.  2 on a log-normal scale. We can infer from the figure 
that all panels share two common features. First, the black curve in each panel corresponds to the PDF at the source (𝑧 = 0). The 
PDF at 𝑧 = 0 is very close, up to averaging errors, to a straight line corresponding to the exponential PDF of the field intensity of 

Fig. 2. Probability density function (PDF) of the normalized field intensity for various Lèvy indices 𝛼 in the range 1 ≤ 𝛼 ≤ 2. Each panel shows 
PDFs for several propagation distances 𝑧, as is indicated in the corresponding legend.
4 
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our ensemble, which is an unmistakable signature of the Gaussian statistics of the source [28]. Second, we observe that the PDF in 
each panel quickly attains a stationary state, past which point no noticeable change occurs over further propagation. We carried 
out our simulations up to distance 𝑧 = 10, but did not observe any discernible variation in the shape of the PDF or its tail structure 
beyond 𝑧 = 5. Therefore, we omit any results corresponding to 𝑧 > 5.

In Fig.  2(a), we show the PDF of the normalized field intensity over a variable propagation distance 𝑧 for the low Lévy index case, 
𝛼 = 1. We can infer from the panel by comparing the PDF at any 𝑧 ≠ 0 with the source PDF that as the propagating field triggers 
FOT in the medium, the statistics of the field transition from sub-Gaussian (thin-tailed) for low field intensities to super-Gaussian 
(fat-tailed) for high field intensities. We conjecture that in the low Lévy index FOT, fractional dispersion dominates for low-intensity 
ensemble realizations, while nonlinearity dominates for high-intensity realizations, resulting in mixed statistics of the field intensity.

However, as we increase the Lévy index beyond unity, the thin-tailed region of the PDF gradually diminishes in size and the 
PDF tail becomes progressively longer with 𝛼. This trend is clearly visible by comparing panels Fig.  2(b) through 2(e). In particular, 
the heavy-tailed nature of the PDF is especially vivid in panels Fig.  2(c), 2(d), and 2(e). We hypothesize that in the range of Lévy 
indices 1.7 ≤ 𝛼 ≤ 1.8, FOT is primarily driven by the nonlinearity of the medium, leading to pronounced non-Gaussian statistics of 
the field intensity.

Our extensive simulations also indicate that for 𝛼 > 1.8, the heavy-tailed nature of the PDF gradually recedes with 𝛼. Thus, our 
statistical results correlate well with our simulations of the dynamics of individual ensemble realizations. Both sets of results point 
to the non-monotonic dependence of the FOT characteristics on the Lévy index in the interval 1.7 ≤ 𝛼 ≤ 1.8.

We note that we performed an ensemble-size convergence test to check the validity of our choice of the number of realizations 
𝑁 . Fig.  3 shows the 𝐿1 error (integrated absolute error) as a function of number of realizations for up to 104. We evaluated the 
𝐿1 error function with the PDF of 𝑁 = 103 realizations taken as a reference. The figure clearly shows that the error decreases and 
stabilizes in the sense that we do not observe significant error fluctuations, within which the ensemble size used in our simulations 
lies. The figure indeed shows an example of these results; however, we stress that the results obtained for all other Lévy indices are 
similar.

Moreover, since the Riesz derivative in Eq. (2) is implemented in Fourier space through |𝜔|𝛼 , possible high-frequency effects 
require careful consideration. For this reason, we performed targeted numerical tests, including possible effects associated with 
spectral truncation and the finite size of the temporal window, to ensure that our numerical results are not strongly influenced by 
undesired computational effects.

Fig. 3. Ensemble-size convergence test presenting the 𝐿1 error (integrated absolute error) as a function of the number of realizations for up to 
104. Displayed examples are for 𝛼 = 1.5 and 𝛼 = 1.7.

In addition, to make our qualitative conclusions about the heavy tails of the PDF more quantitative, we computed the tail 
exponent as a function of the Lévy index 𝛼 as shown in Fig.  4. We inferred the value of the exponent from a power-law fit to the 
PDF tail for normalized intensities satisfying 𝐼 > 𝐼0 where 𝐼0 is chosen to satisfy the rogue wave threshold condition [29]. The 
figure clearly demonstrates that the parameter range 1.7 ≤ 𝛼 ≤ 1.8 corresponds to the lowest tail exponent values, which supports 
our qualitative conclusions from Fig.  2.

To highlight the scale of deviations of FOT from Gaussian statistics in the parameter range 1.7 ≤ 𝛼 ≤ 1.8, we fit the PDF of the 
normalized intensity at 𝑧 = 5 for the FOT with 𝛼 = 1.75 with a Lomax distribution. In Fig.  5, we show the Lomax fit of the PDF. The 
Lomax distribution is a heavy-tailed Pareto type-II probability distribution frequently encountered in multidisciplinary field contexts 
in economics [30], engineering [31], and optics [32]. The Lomax PDF is defined as  [33,34]: 

𝑝 (𝑥) =
𝛽 (

1 + 𝑥)−(𝛽+1)
, (7)
L 𝑠 𝑠
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Fig. 4. Tail exponent as a function of the Lévy index 𝛼 for values in the range 1 ≤ 𝛼 ≤ 2.

Fig. 5. MLE Lomax of the PDF of the normalized field intensity of the FOT with 𝛼 = 1.75 in the stationary regime at 𝑧 = 5. 

where 𝛽 and 𝑠 are the shape and scale parameters, respectively. The maximum likelihood estimation (MLE) yields the values: 
𝛽 ≈ 1.658 and 𝑠 ≈ 0.647. The fit clearly emphasizes the heavy-tailed nature of the PDF. Although 𝛽 < 2, it should only be interpreted 
as an indication that the corresponding ideal Lomax distribution is, in fact, a divergent one, underscoring the extreme heavy-tailed 
nature of the intensity statistics for 𝛼 = 1.75. We stress that the selection of the Lomax distribution as a fit here was merely to 
illustrate the departure from Gaussian statistics.

So far, we have explored the global deviation of FOT statistics from Gaussian. We now examine whether deviations from 
Gaussianity become more pronounced at fine scales of FOT. To this end, we consider the real part of the field, 𝑆(𝑡) = ℜ(𝛹 (𝑡, 𝑧̃)) where 
𝑧̃ indicates that the propagation distance corresponds to the stationary regime. We can then define a high-pass filtered function 𝑆>𝜉 (𝑡)
as: 

𝑆>𝜉 (𝑡) = ∫
|𝜔|>𝜉

𝑑𝜔 𝑒𝑖𝜔𝑡 𝑆̃(𝜔), (8)

where 𝜉 is a cut-off frequency of the filter. Next, we define a high-pass kurtosis 𝜅 by the expression: 

𝜅(𝜉) =
⟨(𝑆>𝜉 (𝑡))

4
⟩

> 2 2
. (9)
⟨(𝑆𝜉 (𝑡)) ⟩
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The monotonic increase of 𝜅 with the filter frequency establishes a test for the intermittency of the system [1]. To verify whether 
FOT is intermittent, we evaluated the kurtosis as a function of 𝜉 for various Lévy indices. We stress that we evaluated 𝜅(𝜉) at 𝑧 = 5, 
where the statistics have reached a steady state.

In Fig.  6, we show the filtered kurtosis as a function of 𝜉 for the Lévy index 𝛼 in the interval 1 ≤ 𝛼 ≤ 2 along with the corresponding 
95% bootstrap confidence interval for each trace. A kurtosis greater than 3 indicates a heavy-tailed probability distribution [28,35]. 
Fig.  6(a) reports the kurtosis values that correspond to the coherence parameter 𝜁𝑐 = 6.25, used throughout the preceding analysis. 
We can see in the figure that the kurtosis monotonically increases with 𝜉 for any 𝛼, implying the FOT intermittency. However, the 
kurtosis growth with the cut-off frequency is especially pronounced in the range 1.7 ≤ 𝛼 ≤ 1.8. Furthermore, to demonstrate that 
the observed behavior is not specific to a particular coherence state of the source, we present the kurtosis values for 𝜁𝑐 = 10 in Fig. 
6(b). The figure clearly evidences FOT intermittency and its non-monotonic dependence on the Lévy index. This is aligned with our 
previous results, indicating that the interval 1.7 ≤ 𝛼 ≤ 1.8 plays a special role in generating extreme events and triggering highly 
non-Gaussian FOT with intense, sporadic local turbulent bursts.

Fig. 6. Kurtosis of the high-pass filtered real part of the field as a function of the cut-off frequency of the filter for (a) 𝜁𝑐 = 6.25 and (b) 𝜁𝑐 = 10, 
evaluated in the stationary regime at 𝑧 = 5 for various Lévy indices in the range 1 ≤ 𝛼 ≤ 2 with shaded bands illustrating 95% bootstrap 
confidence intervals.

4. Conclusions

We have introduced the concept of fractional wave turbulence and systematically studied its statistical properties. We have shown 
that the probability density function of normalized field intensities generated by a statistically stationary source and propagating 
in a nonlinear optical medium with fractional dispersion is strongly non-Gaussian and the deviation from Gaussian statistics non-
monotonically depends on the Lévy index of the system. We have also revealed the intermittency of the fractional optical turbulence 
and demonstrated its non-monotonic dependence on the Lévy index. We have identified an interval of Lévy indices, 1.7 ≤ 𝛼 ≤ 1.8, 
7 
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where both the non-Gaussianity and the FOT intermittency are particularly strong. Instructively, a complementary study of non-
stationary soliton turbulence governed by the FNLSE indicated the increased probability of rogue wave formation at 𝛼 = 1.8 [25]. 
Thus, we have unveiled a parameter region in which both global and local statistics of the system are most affected by the turbulence.

Finally, it has come to our attention that the FNLSE model of FOT is mathematically equivalent to a previously introduced model 
nonlinear equation to describe weak dispersive wave turbulence [36]. However, we stress that our results are obtained in the strong 
turbulence regime that is complementary to weak wave turbulence explored in [36–38]. Within the framework of weak dispersive 
wave turbulence, linear dispersion dominates nonlinearity which, together with a random phase approximation, implies Gaussian, 
or nearly Gaussian statistics of the wave system. As a result, the system evolution can be described within a closed kinetic equation 
for the second-order field correlations. On the contrary, in the strong turbulence regime that we study, characteristic nonlinear and 
dispersion lengths are of the same order, leading to a subtle interplay of linear and nonlinear effects. The latter opens the door 
to highly non-Gaussian statistics of random waves, extreme events emerging in long heavy tails of the probability distribution of 
wave powers, and pronounced intermittency with non-monotonic dependence on the Lévy index of FOT. Although we do not have 
a definitive explanation of the non-monotonic nature of FOT statistics at the moment, we believe that the discovered parameter 
region warrants further investigation and our findings can inform future research into fractional optical turbulence.
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