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Partially coherent vortex beams with a separable phase
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We propose and experimentally implement a method for the generation of a wide class of partially spatially
coherent vortex beams whose cross-spectral density has a separable functional form in polar coordinates. We

study phase singularities of the spectral degree of coherence of the new beams.
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The pioneering work of Nye and Berry on phase sin-
gularities in optical fields' has revealed the existence
of such interesting structures as phase dislocations
and optical vortices, which have now become one of
the central topics of singular optics.? To date, the
research on optical vortices has been, for the most
part, restricted to the domain of monochromatic
beams.® Only recently have particular classes of par-
tially coherent beams with wave-front singularities
been studied theoretically.*~¢

In this Letter we present a method for the experi-
mental realization of a wide class of partially spatially
coherent singular beams.” The cross-spectral den-
sity, W(p, p’, z, w), of such beams at frequency w at
a pair of points specified by vectors p = (p, ») and
p' = (p', ') in any transverse plane z = const has a
separable form in polar coordinates, W(p, p’,z, w) =
™= f(p,p' z,w). The pairs of points where
the function f(p,p’,z,w) has zero value specify
the positions of phase singularities of the cross-
spectral density of such beams. We demonstrate that
in any transverse plane the cross-spectral density
of these beams has a vortex structure with the axi-
ally symmetric absolute value and with a separable
phase that has circular edge dislocations. Phase
singularities of the correlation functions of optical
waves appear to be a relatively new topic in statistical
singular optics whose exploration may lead to new
interesting developments in this emerging field.

The cross-spectral density of any partially coherent
singular beam with a separable phase at a pair of
points specified by the transverse vectors p and p’ in
the plane z = const can be represented as a Mercer-
type series in the Laguerre—Gaussian (LG) modes,
namely, as a particular case of the coherent-mode
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expansion®
N
W(p’prZ’ (l)) = /\nmlp;m(p7zy w)l//nm(p/>zy (l)), (1)
n=0

where A,,, = 0 are the modal weights. Each LG mode

can be expressed as®
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Here L' (x) is the Laguerre polynomial of order n with
the azimuthal mode index m; w, = (wg + 422/k2w3)/2
and R, = z + k2w;/4z are the spot size and the radius
of curvature, respectively, of the beam at distance z
from its waist; £ = 27 /A is the wave number, and wy
is a spot size at the waist of the beam. In Eq. (2), the
phase, ®, can be expressed in the form

kp?
2R,

®(p,z) =meop —kz +Q arctan<i> - (3)

2d
where @ = 2n + |m| + 1 and z4 = kw?2/2 is the char-
acteristic diffraction length of each LG mode.

The separability of the phase of the cross-spectral
density of these beams determines the nature of phase
singularities of the spectral degree of coherence u of
such beams, defined by the expression®

W(p,p',z, ») , @
I(p,z,0)JI(p', 2z, »)

Here I(p,z,w) = W(p, p, 2z, ) is the spectral intensity
of the beam. Given the coordinates of the reference

wip,p,z,w) =
vV
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point, po = (po, o), in the transverse plane z = const
the positions p; of the phase singularities of w can be
found by solving the equation

lu(pi, po,z,w)| =0. (5)

It follows at once from the axial symmetry of the
spectral degree of coherence of the new beams and
from Eq. (5) that the only possible phase singulari-
ties of such beams are circular edge dislocations>? that
occur in any transverse plane z = const at p = p;(2),
where the index i labels the edge dislocations. It fol-
lows from Eqs. (1)—(4) that the phase of the spectral
degree of coherence, u = |ule’”, of the field at a pair
of points with coordinates (p, z) and (po, z) is given by
the expression

Y V)] .
V(p,2) = ¢ — ¢o 5F + 7> alp = pil2)],

(6)

where 7(s) is a unit step function.® This function
specifies 7 jumps of the phase of the spectral degree of
coherence at the positions of circular edge dislocations.

Equation (1) indicates a method for the experimen-
tal realization of the novel beams. It follows at once
from Eqgs. (1) and (2) that, to generate a partially
coherent singular beam with a separable phase, one
has to assemble a suitable array of statistically inde-
pendent coaxial sources, each generating a LG mode
with the same spot size w, and azimuthal mode index
m. In practice, such LG modes can be generated,
for example, by illuminating appropriate computer-
synthesized gratings with laser light™ (see also Ref. 3
for other methods). It follows from Eq. (2) as well as
from the normalization of the Laguerre polynomials!?
that the modal weight A,,, is proportional to the power
P, (Ref. 13) of the source producing the nth mode,
more specifically, A, « P,n!/(n + m)!.

Let us consider the simplest nontrivial case of a
partially coherent singular beam with the topological
charge m = 1 that is composed of two modes, LGo; and
LGq1, with a given ratio of the mode powers P;/P,.
In Fig. 1 the behavior of the modulus and of the phase
of the spectral degree of coherence of such a beam in a
particular transverse plane z = 1.5z is displayed. In
agreement with our general theory, one can observe
the circular edge dislocation at pg; = 1.45w,. The
phase of the spectral degree of coherence is seen
to undergo a jump by 7 in passing through such a
circular dislocation.

The experimental arrangement for generating and
testing partially coherent singular beams with a sepa-
rable phase is shown in Fig. 2. A He—Ne laser gener-
ated a Gaussian beam (LG mode with A = 0.63 um,
wo = 1.6 mm) with longitudinal coherence length I..,
estimated to be equal to 270 mm. On splitting the
laser beam into two beams and imposing a delay AL =
800 mm = 3/, between the beams, we obtained two
uncorrelated LG beams suitable for generating an in-
coherent superposition of coaxial LGy; and LG1; modes
with the same spot size w,.
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Following the procedure of Ref. 11, we produced such
modes using diffraction of probing beams at the appro-
priate computer-synthesized holograms, which were
placed at the same distance from the beam splitter of
a misaligned interferometer. The ratio of the powers
of the two modes, P;/Py = 0.45, was controlled with
neutral attenuators (not shown in Fig. 2) at the arms
of the interferometer. Spatial filters behind the grat-
ings selected the modes LGy, and LG1; with the same
sign of the topological charge m = +1.

To exhibit a vortex nature of partially coherent
singular beams with a separable phase, we performed
a Young-type interference experiment in its original
version'* in which a light wave was incident upon an
opaque strip and a superposition of the secondary
waves diffracted at the edges of the strip, the so-called
boundary diffraction waves, produced interference
fringes behind the strip. In our experiment we placed
the strip at right angle to the direction of propagation
of a partially coherent singular beam so that the
center of symmetry of the strip lay on the axis of
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Fig. 1. Properties of partially coherent singular beams

composed of LGg; and LGy; modes: (a) contours of con-
stant phase of the spectral degree of coherence at a pair
of points with coordinates (p, ¢,z) and (0.1 w,,0,z) in the
plane z = 1.5z4, (b) modulus of the spectral degree of co-
herence |u| at the same pair of points as a function of the
dimensionless radial variable p/w,. The ratio of the pow-
ers of the two modes is taken to be the same as in the
experiment, P;/Py = 0.45.
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Fig. 2. Experimental arrangement for generating and
testing partially coherent singular beams with a separable
phase: L, laser; BSs, beam splitters, Ms, mirrors; CSH-01
and CSH-11, computer-synthesized holograms producing
LGy; and LGy; modes, respectively; SSs, spatial selectors
of diffraction orders; OS, opaque screen; OP, observation
plane. Inset: Young interference fringes behind the
opaque strip illuminated by (a) vortex-free LGy, mode and
(b) LGy; mode.
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Fig. 3. Experimental

behind the opaque strip illuminated by (a) LGy; mode,
(b) LGy; mode, and (c) incoherent superposition of the

results: interference  pattern

LGo; and LGy; modes. The distance between the strip
and the observation plane is 470 mm; the width of strip
d is 1 mm, and the width of the beam in the plane of the
strip, w, = 1.62 mm.

the beam. Such an arrangement made it possible
to study coherence properties of beams of this kind
at pairs of points with the same radial coordinates
Ap = p — p’ = 0 and with the polar angle difference
Ap = ¢ — ¢’ in the interval Admn = A¢p = 7, where
the value of A¢min was determined by the width of
the strip. According to the theory of the boundary
diffraction wave,!® we can view the fringes behind
the strip as though they were produced by only those
wavelets that are associated with the points located
at the same height on the opposite edges of the
strip. Because of the symmetry of the strip and of
the incident beam, the visibility of the interference
fringes was equal to unity, within the accuracy of the
measurement.

As seen from the inset of Fig. 2, the interference
fringes produced by the vortex-free LGy mode, which
was normally incident on the strip, are straight lines.
However, the interference fringes produced by the
LGyy+1 mode, which carries an optical vortex, are bent.
A shift of the fringes by the factor of 7, which can
clearly be seen in the inset, is associated with the
helicity of the LGy+; mode.

In Fig. 3, the interference fringes behind the strip
illuminated by modes LGy; and LGy; alone, as well
as by the combined partially coherent beam, are dis-
played. Bending of the fringes clearly shows that the
cross-spectral density of the combined beam has a he-
lical phase with the same topological charge, m = *1,
as that of the constituent modes. The fringe visibility
V was found to be equal to 0.97 = 0.03 for all pairs of
points with Ap = 0, irrespective of the value of A¢p. It
follows that the modulus of the spectral degree of co-
herence depends only on the radial variables.

Further, the analysis of the intensity of the interfer-
ence pattern produced by a partially coherent singular
beam composed of the LGy; and LG1; modes reveals
its sin?(A ¢ /2) dependence on the phase difference A.
It follows from the expression for the spectral intensity
in the observation plane in the Young interference ex-
periment® that a periodic dependence of the intensity
on A ¢, together with the axial symmetry of |« |, implies
that u(Ap =0, ¢, ¢') x ™@~¢) This dependence is a

signature of a partially spatially coherent optical vor-
tex. Finally, the invariance of the main qualitative
features of Fig. 3 with respect to rotation of the strip
in the transverse plane of the incident beam has been
verified experimentally.

In summary, we have studied theoretically a new
class of partially coherent beams whose cross-spectral
density at a pair of points in any transverse plane
is separable in polar coordinates. We have experi-
mentally demonstrated the vortex structure of the
cross-spectral density of such beams. We have found
that the only possible phase singularities of the
spectral degree of coherence of the new beams are
circular edge dislocations that occur in any transverse
plane. The invariance of circular edge dislocations of
these beams on propagation in free space might find
applications in optical computing and in connection
with the transfer of optical information through
inhomogeneous media.

This work was supported by the Defense Ad-
vanced Research Projects Agency under grant MDA
972011043, by the U.S. Air Force Office of Scientific
Research under grant F49620-03-1-0138, and by the
U.S. Department of Energy under grant DE-F02-90
ER 14119. S. A. Ponomarenko’s e-mail address is
ponos@pas.rochester.edu.

*On leave from Department of Physics and As-
tronomy and the Institute of Optics, University of
Rochester, Rochester, New York 14627.

References

1. J. F. Nye and M. V. Berry, Proc. R. Soc. London
Ser. A 336, 165 (1974).

2. M. S. Soskin and M. V. Vasnetsov, in Progress in Op-
tics, E. Wolf, ed. (Elsevier, Amsterdam, 2001), Vol. 42,
p. 219.

3. L. Allen, M. J. Padgett, and M. Babikier, in Progress
in Optics, E. Wolf, ed. (Elsevier, Amsterdam, 2000),
Vol. 34, p. 291.

4. F. Gori, M. Santarsiero, R. Borghi, and S. Vicalvi,
J. Mod. Opt. 45, 539 (1998).

5. S. A. Ponomarenko, J. Opt. Soc. Am. A 18, 150 (2001).

6. G. S. Agarwal, J. Opt. Soc. Am. A 16, 2619 (1999).

7. As is customary, by singular beams we mean beams
with phase singularities.

8. L. Mandel and E. Wolf, Optical Coherence and Quan-
tum Optics (Cambridge U. Press, Cambridge, 1995),
Sec. 4.3.2.

9. A. E. Siegman, Lasers (University Science, Mill Valley,
Calif., 1986), Chap. 16.

10. We define 7(s) to be equal to unity for nonnegative
values of its argument and to zero otherwise.

11. V. Yu. Bazhenov, M. S. Soskin, and M. V. Vasnetsov,
J. Mod. Opt. 39, 985 (1992).

12. 1. Gradstein and I. Ryzhik, Tables of Integrals, Series
and Products, 5th ed. (Academic, New York, 1980).

13. The power of the source P, is equal to P, =
Xam [ A2p | (p, 0)I2.

14. Th. Young, Philos. Trans. R. Soc. London 94, 1 (1804).

15. M. Born and E. Wolf, Principles of Optics, Tth ed. (Cam-
bridge U. Press, Cambridge, 1999), Sec. 8.9.



