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We study the changes in the degree of polarization of an electromagnetic
Gaussian Schell-model beam, as the beam propagates through the turbulent
atmosphere. We demonstrate that, within the framework of the Tatarskii model
of the turbulent atmosphere, the degree of polarization of the beam changes
appreciably at relatively short propagation distances in the atmosphere. In the
long-propagation distance limit, however, we find that the degree of polarization
of the beam tends to the value that it has in the source plane.

1. Introduction

In the last two decades, there has been substantial interest in studying the
propagation of partially coherent beams in the turbulent atmosphere (see, for
example, [1–8]). However, these studies have been carried out in the scalar approxi-
mation. It has been previously claimed [9] that the polarization properties of
electromagnetic beams generated by fully spatially coherent sources do not
appreciably change on propagation in the turbulent atmosphere. To our knowledge,
the issue of turbulence-induced changes in the degree of polarization of partially
coherent beams has, however, not been previously addressed. Recently a unified
theory of coherence and polarization has been formulated [10]. This theory makes it
possible to study the changes in the degree of polarization of beams propagating in
any linear medium, deterministic or random [11]. With the help of this theory,
we examine the changes in the spectral degree of polarization of a wide class of
electromagnetic beams, the so-called Gaussian Schell-model (GSM) beams, propa-
gating through the turbulent atmosphere, under the condition that the smaller of a
typical width of the beam and of the transverse coherence length of the light in the
source plane is much smaller than the inner scale of turbulence. In this approxima-
tion the problem becomes analytically tractable. Our results may find applications in
long-range communications as well as in long-range interferometry with partially
coherent light.
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2. Propagation of degree of polarization in the turbulent atmosphere

Consider a partially coherent electromagnetic beam propagating close to the z axis
in the turbulent atmosphere. Let {E(r,!)} be a statistical ensemble of the fluctuating
component of frequency ! of the electric field of the beam at a point P(r). The
coherence properties of the beam can then be characterized by the 2� 2 (electric)
cross-spectral density matrix [12]

W � Wijðr1, r2,!Þ ¼ E�
i ðr1,!ÞEjðr2,!Þ

� �
ði, j ¼ x, yÞ, ð1Þ

where x and y are two mutually orthogonal directions perpendicular to the beam
axis and asterisk denotes the complex conjugate. Each member of the statistical
ensemble E(r,!) at any point P, specified by the position vector r¼ (q, z>0) (figure 1),
can be determined from the knowledge of the field E(0)(q0, !) in the source plane z¼ 0
by using the extended Huygens–Fresnel principle (see p.113, equation (68), of [13])

Eðq, z;!Þ ¼ �
ik expðikzÞ

2pz

ðð
Eð0Þðq0;!Þ exp ik

ðq� q0Þ2

2z

� �
exp½ð ðq, q0, z;!Þ�d2�0:

ð2Þ

Here q0 and q are the transverse vectors specifying points in the planes z¼ 0 and
z¼ constant> 0 respectively,  denotes a random factor representing the effect of
turbulence on the propagation of a spherical wave, and k¼!/c. On substituting
from equation (2) into equation (1), we obtain for the cross-spectral density matrix
of the electric field in the plane z¼ constant>0 the expression

Wijðq1; q2; z;!Þ ¼
k

2pz

� �2ðð
d2q01

ðð
d2q01W

ð0Þ
ij ðq01; q

0
2;!Þ

� exp �ik
ðq1 � q01Þ

2
� ðq2 � q02Þ

2

2z

� �
� expð �ðq1; q

0
1; z; !Þ þ  

�ðq2; q
0
2; z; !ÞÞ

� �
m
; ð3Þ

where ::::h im denotes averaging over the ensemble of statistical realizations of the
turbulent medium.

z = 0 

z 
rr¢

Figure 1. Illustration of the notation.
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The spectral degree of polarization P of an electromagnetic beam is given by the
expression [10]

Pðq, z;!Þ ¼ 1�
4 det½Wðq, q, z;!Þ�

fTr½Wðq, q, z;!Þ�g2

� �1=2

: ð4Þ

In order to calculate the spectral degree of polarization in a plane z¼ constant>0
we first take q1 ¼ q2 ¼ q in equation (3), which then reduces to

Wijðq, z;!Þ ¼
k

2pz

� �2ðð
d2q01

ðð
d2q02 W

ð0Þ
ij ðq01, q

0
2;!Þ exp �ik

ðq� q01Þ
2
� ðq� q02Þ

2

2z

� �
� exp½ �ðq, q01, z;!Þ þ  ðq, q

0
2, z;!Þ�

� �
m
: ð5Þ

The last term in the integrand of the right-hand side of equation (5) can be shown
to be given by the expression (see section 12.2.3 of [13]) (see [14])

exp½ �ðq, q01, z;!Þ þ  ðq, q
0
2, z;!Þ�

� �
m

¼ exp �4p2k2z
ð1
0

ð1
0

�Fnð�Þ½1� J0ð�� q
0
1 � q02

�� ��Þ� d� d�� �
, ð6Þ

where the function Fn is the spatial power spectrum of the refractive-index fluctua-
tions of the turbulent atmosphere and J0 is the Bessel function of the first kind and
zero order. It can be shown (see appendix B of [7]) that, under the strong fluctuation
condition of turbulence and provided that the spectral coherence length of the source
is much shorter than the inner scale of turbulence, the right-hand side of equation (6)
may be approximated by the expression

exp½ �ðq, q01, z;!Þ þ  ðq, q
0
2, z;!Þ�

� �
m
� exp �ð1=3Þ�2k2z q01 � q02

�� ��2 ð1
0

�3Fnð�Þ d�

0
@

1
A:
ð7Þ

3. Examples

To illustrate the behaviour of the spectral degree of polarization of partially coherent
electromagnetic beams in turbulent media, we shall apply the theory to a particular
case, namely to an electromagnetic GSM beam propagating through the atmos-
phere. We assume, for simplicity, that the off-diagonal elements of the electric cross-
spectral density matrix of the beam in the source plane have zero value (i.e. that
W ð0Þ

xy ðq
0
1, q

0
2, z,!Þ � W ð0Þ

yx ðq
0
1,q

0
2, z,!Þ ¼ 0), where q01 and q02 are two-dimensional

position vectors of two points in the source plane z¼ 0. The electric cross-spectral
density matrix of such a source can be expressed in the form

W ð0Þðq01,q
0
2,!Þ

�

Sð0Þ
x ðq01,!ÞS

ð0Þ
x ðq02,!Þ

� 	1=2
�ð0Þxxðq

0
1�q02,!Þ 0

0 Sð0Þ
y ðq01,!ÞS

ð0Þ
y ðq02,!Þ

h i1=2
�ð0Þyy ðq

0
1�q02,!Þ

2
6664

3
7775:

ð8aÞ
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Here S
ð0Þ
j are the spectral intensity distributions and �ð0Þjj are the spectral correlation

coefficients in the source plane, defined as

�ijðq
0
1, q

0
2,!Þ ¼

E�
i ðq

0
1,!ÞEjðq

0
2,!Þ

� �
hD
E�
i ðq

0
1,!ÞEiðq

0
1,!Þ

Ei1=2hD
E�
j ðq

0
2,!ÞEiðq

0
2,!Þ

Ei1=2 ð8bÞ

are given by expression

S
ð0Þ
j ðq0,!Þ ¼ Ij exp

�q
02

2�2

� �
, ðj ¼ x, yÞ, ð9Þ

�ð0Þjj ðq
0
2 � q01,!Þ ¼ exp �

ðq02 � q01Þ
2

2�2jj

 !
, ðj ¼ x, yÞ, ð10aÞ

�ð0Þjk ðq
0
2 � q01,!Þ ¼ 0, ðj 6¼ kÞ: ð10bÞ

The parameters Ij, � and �jj depend on the frequency !, in general. It follows at once
from equations (4) and (8) that the spectral degree of polarization of such a source is
given by the formula

Pðq,!Þ ¼
Ix � Iy
�� ��
Ix þ Iy

: ð11Þ

On substituting from equations (8)–(10) into equation (5) and using equation (7),
we obtain for the elements of the electromagnetic cross-spectral density matrix of the
beam (with q1 ¼ q2 ¼ q) in the plane z¼ constant> 0 the expressions

Wxxðq, q, z;!Þ ¼
Ix

D2
xðzÞ

exp �
q2

2�2D2
xðzÞ

 !
, ð12aÞ

Wyyðq, q, z;!Þ ¼
Iy

D2
yðzÞ

exp �
q2

2�2D2
yðzÞ

 !
, ð12bÞ

where

D2
j ¼ 1þ

z2

ðk�Þ2
1

4�2
þ

1

�2jj

 !
þ

z3

�2
2

3
�2
ð1
0

�3Fnð�Þ d�

� �" #
, ðj � x, yÞ: ð13Þ

In the Tatarskii model of atmospheric turbulence (see section (3.3.2) of [13]), the
spectrum of the refractive-index fluctuations is given by the expression

Fnð�Þ ¼ 0:033C2
n�

�11=3 exp �
�2

�2m

� �
, ð14Þ

where C2
n is the structure parameter of the refractive index and �m ¼ 5.92/l0,

l0 being the inner scale of turbulence. Substituting from equation (14) into
equation (13) and performing the necessary integration yields

D2
j ðzÞ ¼ 1þ

z2

ðk�Þ2
1

4�2
þ

1

�2jj

 !
þ

z3

�2
ð1:093C2

nl
�1=3
0 Þ

" #
: ð15Þ
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On substituting from equation (12) into equation (4), we find that the spectral degree
of polarization of the GSM beam propagating in the turbulent atmosphere is given
by the expression

Pðq, z;!Þ ¼
ðIx=D2

xÞ expð�q2=ð2�2D2
xÞÞ � ðIy=D2

yÞ expð�q2=ð2�2D2
yÞÞ

��� ���
ðIx=D2

xÞ expð�q2=ð2�2D2
xÞÞ þ ðIy=D2

yÞ expð�q2=ð2�2D2
yÞÞ
: ð16Þ

A detailed analysis of equation (16) reveals that the behaviour of the
spectral degree of polarization of such a beam is strongly affected by turbulence.
However, it follows from equations (15) and (16) that, in the long-distance limit, the
spectral degree of polarization of the GSM beam approaches its initial value,
irrespective of the magnitude of the spatial correlation lengths of the electric field
components in the source plane. On the other hand, the long-distance asymptotic
value of the spectral degree of polarization of such a beam propagating in free space,
ðC2

n ¼ 0Þ, can readily be shown to be given by the expression

P1 ¼
jIx�

2
xx � Iy�

2
yyj

Ix�2xx þ Iy�2yy
, ð17Þ

provided that � >> maxð�xx, �yyÞ. It is seen from equation (17) that, if a beam is
initially unpolarized and if, for example, �xx >> �yy, the beam becomes fully
polarized after propagating over a sufficiently long distance in free space. This result
is in agreement with a previous study of the correlation-induced polarization changes
of beams propagating in free space [15]. Under the same conditions, however, the
degree of polarization of the beam in turbulent media approaches zero in the
long-distance limit. It also follows at once from equation (17) that if the intensities
of the x and y components of the field in the source plane are such that Iy >> Ix and
�xx >> �yy, and if also Iy=Ix � �2xx=�

2
yy, then a highly polarized beam becomes almost

completely unpolarized on propagation over a sufficiently long distance in free space.
On the other hand, the spectral degree of polarization of such a beam, which can
decrease on propagation in the turbulent atmosphere over relatively short distances,
tends to unity as the propagation distance of the beam increases.

In figure 2, we compare the on-axis behaviours of the spectral degrees of
polarization of the GSM beam propagating in the turbulent atmosphere and in
free space, as functions of z for different values of the spectral degree of polarization
of the field in the source plane. The figure illustrates quantitatively the relative roles
of turbulence and diffraction on the polarization properties of the beam. It is also
seen that, as the beam propagates over a sufficiently long distance through the
turbulent atmosphere, its spectral degree of polarization tends to the same value
that it has in the source plane.

To summarize, we have studied the changes in the spectral degree of polarization
of a class of partially coherent electromagnetic beams propagating in turbulent
media. We have found that the behaviours of the spectral degrees of polarization
of such beams depend strongly on their value in the source plane. Somewhat
surprisingly, we have found that, in the long-distance limit, the beams do not
become unpolarized, as one might perhaps expect; rather their degree of polarization
approaches the value that they have in the source plane. This result holds regardless
of the state of coherence of the light in the source plane.

Change in polarization of partially coherent electromagnetic beams 1615
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z (m) 

(A)

(B)

(r
 =

 0
, z

 )

Figure 2. The degree of polarization on the axis of a GSM electromagnetic beam as
a function of z for four different values of the initial degree of polarization:
ðAÞ Ix ¼ Iy; ðBÞIx ¼ ð5=3ÞIy; ðCÞIx ¼ 3Iy; ðDÞIx ¼ 19Iy: The solid curves correspond to
propagation in the turbulent medium. The dashed curves correspond to propagation in free
space (C2

n ¼ 0) are shown for comparison. The values of the parameters of the
beam and turbulence are: � ¼ 5 cm, �xx ¼ 0:5mm, �yy ¼ 1mm, �ð0Þxy ¼ �ð0Þyx ¼ 0, l0 ¼ 5mm,
C2

n ¼ 10�14 m�2=3, and k ¼ 2p=� ¼ 107:
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