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Abstract

We show that complete coherence of light fluctuations at two points in a statistically stationary optical field implies that
the fluctuations are either identical or are proportional to each other, a property which may be called statistical similarity. In
particular for light to be completely coherent it need not be monochromatic nor do the fluctuations need to be deterministic.
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Itis frequently but nevertheless incorrectly asserted from the pointsP; and P, to the observation plane,
that in order that an optical field is spatially coher- the degree of coheren{g]
ent, it has to be monochromatic. By spatially coherent
light vibrations at pointsP1(r1) and P2(r2) we mean, I(r,r2, 1)

as was first clarified by Zernike in a classic paper Y(r1,r2,7) = (1a)
([1], see alsd2]) that if light from these two points VI, 1, 0V (2,12, 0)

is superposed, it will form interference fringes with _ I'(ry,ra,7) (1b)
maximum possible visibility, namely unity. In mathe-  JTr)VI(r9)

matical terms this means, that for some vatyef the
time delay between the two beams which propagate is unimodular. In this formuld™(r1, ro, 7) is the mu-
tual coherence function, defined by the formula
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andI(r;) (i =1, 2) is the average intensity at de-
fined by the formula

1) =T@,1,0 =V, OV (i, 1), (2b)

whereV (r, t) represents a fluctuating field at the point
r and timez, asterisks denote the complex conjugate

taken over the ensemble of the field, assumed to be
stationary. If the ensemble is also ergodic as is usually

the case, the expectation value may be replaced by the

time average.

In order to elucidate the physical significance of
complete coherence between field fluctuations at the
two points we introduce the conceptsihtistical sim-
ilarity . We say that the fluctuating fieM (R, ¢) at two
points P1(R1) and P>(R>) is statistically similar if, for
some value = 1o,

V(R2,t+70) = B(R1,R2, 710) V(R1, 1),

whereB(R1, R2, 10) is a deterministic function.
We will prove the following theorem.

®)

Theorem. A fluctuating optical field is spatially fully
coherent at a given pair of point®; and Ry if and
only if the field fluctuations at these points are statisti-
cally similar in the sense of E¢3) with

I(R2) _ioRy.Rp.10)
(R1,R2,10) = g L2,
B(R1, Rz, 0 "I(Rl)

where1g is some constant value ef 9(R1, Ry, 70)
is the phase of théunimodular degree of cohererjce
y(R1,R2,70) and I(R;) = (V*(R;, 1)) V(R;, 1)) de-
notes the average intensity at the pdit(i =1, 2).

Proof. We will first prove that statistical similarity is
a sufficientcondition for |y (R1, R2, 70)| to equal to
unity. On substituting from Eq.3) into Eq. (2), with
ri =Ry, ro =Ry andt = tp, we have

I'(R1,R2, 70) = (V*(R1, HB(R1, R2, 10) V(R1, 1))
= B(R1, Rz, 10) I (R1). (4)

On substituting from Eq(4) into the expressioffl),
with the choicer; = Ry, r2 = Ry, 7 = 19 we obtain
for the degree of coherence the expression

I(Ry)
I(Ry)’

¥ (R1, Rz, 10) = B(R1, R2, 10) %)

Wi

11
Hencely (R1, R, 10)| = 1, implies that

I1(R2)
|B(R1,R2, 10)| = TRy’ (6)

Also, we can see at once from E§) that the phase of

v (R1, R2, 10) is equal to the phase @f(R1, R2, 70).

e have thus proven the sufficiency condition for the
theorem.

To prove that statistically similarity is mecessary
condition for complete coherence we start with the ob-
vious inequality

([V(R2, 1 +10) —a(R1, Rz, 10)V(R1, ) [*) 2 0, (7)
where

a(R1, Rz, 10) = |a(R1, Ry, t0)|e ¢ (R1:-Re.70)

8
is a deterministic function. Written more explicitly, the
inequality(7) implies that
2
I(R2) + |a*(R1. R2, 10)| "I (R1) — |a(R1. R2, 10)|
x [I"(R1, R, t)e!?Ru-R2m0) 4 c.c] > 0. 9)

Using(1), the inequality(9) may be rewritten in the
form

I(R2) + |a(R1, Rz, 10)[*I (R1) — 2/T(R)VI(R2)

x Re{a(R1, Rz, 1)y (R1, R2, 10)} >0, (10)
where R¢ } stands for the real part. Let
y(R1, Rz, 70) = |y (R1, Rz, o) | e "V RuR2m0 (1)

where ¥ (R1, Rz, 10) is the phase of/(R1, R2, 10).
Using Eq.(11) along with Eq.(8) in Eq. (10) yields
the following inequality:
1(R2) + [a(Ry. Rz, 70)[ 1 (Rq)

— 2y 1(R)VI (R |e(R1, Rz, )| |y (R1, Rz, 10|

x cog¢(R1, Rz, 10) — ¥(R1, Rz, 70)) > 0. (12)
By a well-known theorem on non-negative definite
quadratic formg4], the inequality(12) holds for any
value of|«| provided that
|¥ (R1., Rz, 70) |

x cog¢(R1, Rz, 70) — ¥(R1, Rz, 70)) < 1. (13)

Eq. (13) holds for all values of|y(R1, Rz, t0)l,
¢ (R1, R2, 19) andyr(R1, Ro, 10). In particular, since it
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holds when co@(R1, Ro, 70) — ¥ (R1, R, 10)) = 1,
it follows that

l¥(R1.R2, 70)| < 1 (14)

which is just the usual constraint on the degree of co-
herence.

The inequality (13) reduces to an equality only
when |y (R1, R2, 10)| = 1, and coé&p(R1, R2, 10) —
¥ (R1,R2, 10)) = 1, i.e., only when the field fluctua-
tions at the point®; andR, are mutually completely
coherent, witht = 19 and when¢(R1,R2, 19) =
¥ (R1,R2, 70) (Mmod 2r). When the inequality(13)
becomes an equality thefT) likewise becomes an
equality, i.e., one then has

V(Rz,t +10) =a(R1, Rz, 10) V(R1, 1). (15)
Hencely (R1, Rz, 10)| = 1 implies that
I(R2) _; R1.R
a(R1,Rp, 10) = | ———e VRLR2T0), 16
I(Ry) (16)

where ¥ (R1, Ro, 10) is the phase of/(R1, Ry, 10).
This completes the proof of the necessary condi-
tion. O

The theorem formulated in this Letter, namely
that complete coherence implies statistical similarity,
has been known in a rudimentary way to the distin-

guished French physicist Verdet already about 140

years agq5], before the concept of coherence was
introduced. In deriving an expression for what today
would be called “the area of coherence” of sunlight on
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the earth surface, Verdet stated (in French) that the di-
ameterd of the region on the earth’s surface in which
the vibrations of the light arén unison (emphasis
added) is about.8R1/p whereR is the distance from
the sun to the earthy is the radius of the sun andis

the mean wavelength of sunlight. Wity R ~ 0.005
radians and = 5.5 x 10~° cm, appropriate to the sun,
the diameter! ~ 0.02 m. This figure is in agreement
with the diameter of the area of coherence of sunlight
on the earth surface, calculated from modern coher-
ence theory6].
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