
Non-Gaussian statistics and optical rogue
waves in stimulated Raman scattering

YASHAR E. MONFARED AND SERGEY A. PONOMARENKO*

Department of Electrical and Computer Engineering, Dalhousie University, Halifax, NS, B3J 2X4 Canada
*serpo@dal.ca

Abstract: We explore theoretically and numerically optical rogue wave formation in stimulated
Raman scattering inside a hydrogen filled hollow core photonic crystal fiber. We assume a weak
noisy Stokes pulse input and explicitly construct the input Stokes pulse ensemble using the
coherent mode representation of optical coherence theory, thereby providing a link between
optical coherence and rogue wave theories. We show that the Stokes pulse peak power probability
distribution function (PDF) acquires a long tail in the limit of nearly incoherent input Stokes
pulses. We demonstrate a clear link between the PDF tail magnitude and the source coherence
time. Thus, the latter can serve as a convenient parameter to control the former. We explain our
findings qualitatively using the concepts of statistical granularity and global degree of coherence.
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1. Introduction

Optical rogue waves (ORWs) are rare and uncommonly large amplitude statistical optical waves
with heavy-tailed probability distributions [1]. The pioneering work of Solli et.al on ORW exci-
tation in supercontinuum generation in optical fibers [2] has triggered a tsunami of publications
on ORWs in various contexts [3–5]. The vast majority of ORW research has so far focused
on the modulation instability excitation scenario within the framework of integrable nonlin-
ear Schrödinger equation [4]. Yet, optical rogue waves have also been theoretically predicted
and/or experimentally demonstrated in such diverse systems as optical cavities [6, 7], passively
mode-locked fiber lasers [8–10], erbium-doped fiber systems [11] , Raman fiber amplifiers [12],
spatiotemporal structures and laser filamentation [13, 14], parametric processes [15] and even
in linear light propagation inside multimode fibers [16] as well as in microwave settings [17].
To date, several coherent structures such as the Peregrine soliton [1, 18–20], solitons on finite
background [1,19,21,22], and superregular breathers [23] have been conjectured to serve as ORW
prototypes in weakly dispersive, weakly nonlinear wave systems described by the integrable 1D
nonlinear Schrödinger equation. These predictions have prompted elegant experiments aiming to
realize such coherent ORW prototypes in highly controlled environments in fiber optics [24, 25] .

On the other hand, the role played by source coherence in shaping emergent nonlinear wave
structures is a fundamental issue in nonlinear statistical optics [26]. In this context, the ORW
generation with random sources has lately triggered growing interest. In particular, the source
coherence influence on the ORW emergence has been examined both numerically [27–31] and
experimentally [27, 28] and a pronounced sensitivity of the peak wave power probability density
function (PDF) shape to random initial conditions was established. The above results were
obtained for 1D wave turbulence described by the nonlinear Schrödinger equation within the
framework of integrable turbulence [32]. The ORW excitation in nearly integrable, Hamiltonian
nonlinear systems with noisy input waves was also studied [33–35]

To our knowledge however, the work on ORW excitation with random sources has so far
been limited to optical waves far away from internal medium resonances. Yet, resonant light-
matter interactions are known to strongly enhance media nonlinearity, dispersion and absorption,
giving rise to a host of new nonlinear phenomena such as electromagnetically- and self-induced
transparency [36]. Lately, self-induced transparency and the ensuing random phase soliton
formation with statistical light has been explored in resonant nonlinear media in the two-level
approximation [37]. Thus, the ORW emergence in resonant nonlinear media is of fundamental
interest. In this context, we anticipate stimulated Raman scattering (SRS) in optical fibers to be a
fertile ground for ORW exploration. The latter arise naturally in SRS as either noise is irreversibly
transferred from the pump to amplified Stokes waves or the noise present in a seeded Stokes
wave is amplified as the Stokes amplitude is amplified, leading to a heavy-tailed probability
distribution of the Stokes wave peak power. The first mechanism was explored in SRS generation
in highly nonlinear solid-core fibers in the picosecond pulse regime [12]. Although the influence
of pump noise on the Stokes pulse characteristics in SRS generation from quantum noise in the
nanosecond regime was examined in detail [38–40], no explicit connection to rogue waves was
made. Moreover, the ORW excitation in the SRS amplification regime with a noisy Stokes input
present has not, to our knowledge, been addressed. A related fundamental issue concerns rogue
wave control in the nanosecond SRS regime. The issue has also a practical dimension in light of
recent efforts to realize novel SRS and supercontinuum generation regimes, controllable over
long interaction lengths inside hollow core photonic crystal fibers [41–43].

In this work, we numerically study SRS in the amplification regime of a weak noisy probe
Stokes pulse, mediated by a strong coherent Raman pump pulse inside a hydrogen filled hollow
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core photonic crystal fiber (HC PCF). We show that nonlinear noise amplification, concurrent
with the Stokes pulse amplitude growth, skews the Stokes pulse peak power statistics, converting
it to a heavy-tailed non-Gaussian one which is a statistical signature of rogue wave excitation.
We model fluctuating input Stokes pulses as a Gaussian random process. We explicitly construct
the input Stokes pulse ensemble using the coherent mode representation of optical coherence
theory. Our approach has two major benefits. First, we establish a link between fundamental
concepts of optical coherence theory such as coherence time and global degree of coherence of
the source and the generated rogue wave statistics. Second, we show that the source coherence
time can serve as a versatile control parameter for ORW excitation in the system. In particular,
we show how the Stokes power distribution tail can be enlarged or shortened by simply adjusting
the Stokes input coherence time. We explain our findings qualitatively using the concepts of
statistical granularity and global degree of coherence.

2. Theoretical formulation and statistical source description

We start by considering the standard SRS equations, written in a moving reference frame, τ
= t − β1z, where β1 is an inverse group velocity assumed to be the same for co-propagating
pump and Stokes pulses. The wave equations for the slowly-varying pump Ep and Stokes Es

amplitudes read

∂ζ Ep =

(
iωpNre f f

2ε0cnp

)
σEs (1)

and

∂ζ Es =

(
iωsNre f f

2ε0cns

)
σ∗Ep , (2)

and the Schrödinger equation for the medium dipole matrix element σ can be written in the weak
excitation limit as

∂τσ = −γσ +

(
ire f f

4~

)
E∗s Ep . (3)

Here ωp ,s and np ,s are the carrier frequencies and refractive indices of the pump and Stokes
pulses, respectively, N is a medium density, γ is an SRS medium relaxation rate, and re f f =
1
~

∑
i

d3idi1
ωi3+ωi1−ωp−ωs

is a Raman transition dipole matrix element [42–44]. We also assumed that
the fiber is designed to suppress all but the pump and fundamental Stokes modes of molecular
hydrogen [42].

Next, suppose all hydrogen molecules are in their ground states prior to interaction with the
pulses and take the strong input pump pulse to be a Gaussian such that Ep (t , 0) =

∣∣∣Ep0
∣∣∣ e−t

2/2t2
p ,

where tp is a pump pulse duration. At the same time, we assume a weak probe Stokes pulse to be
fluctuating such that at the fiber input, Es (t , 0) = |Es0 | as (t)e−t

2/2t2
s , where ts is a Stokes pulse

duration and as (t) is a dimensionless statistically stationary random amplitude. Introducing
peak optical intensities of the pulses Is0,p0 = ε0ns ,pc

∣∣∣Es0,p0
∣∣∣2 /2 we scale the pulse fields

to the peak pump intensity at the source, Ep =
√

2Ip0/ε0cnpEp and Es =
√

2Ip0/ε0cnpEs .
Next, we introduce dimensionless distance and time, Z = ζ/lSRS and T = τ/tSRS where
lSRS = (2ε0c/Nre f f )

√
npns/ωpωs and tSRS = 2~ε0cnp/re f f Ip0 are characteristic length and

time over which energy exchange between pulses and the medium unfolds. The SRS equations
can then be cast into a dimensionless form as

∂ZEp = ikσEs , (4)

∂ZEs = ik−1σ∗Ep , (5)

and
∂Tσ = −Γσ + iEpE

∗
s (6)
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Here k =
√
ωpns/ωsnp and Γ = γtSRS is a key dimensionless parameter governing the SRS

process. Further, the dimensionless initial conditions read

Ep (T, 0) = e−T
2/2T 2

p , (7)

and

Es (T, 0) =

√
np Is0

ns Ip0
as (T )e−T

2/2T 2
s (8)

Let us now construct an input Stokes pulse ensemble. To enhance the SRS efficiency we want
to maximize the pump and Stokes pulse intensity overlap. To this end, we assume that Stokes
and pump pulses have the same durations, tp = ts = t0. We model Stokes pulses as a Gaussian
random process, which is completely specified by its second-order correlation function, the
mutual coherence function. The latter is assumed to be Gaussian; this is a celebrated Gaussian
Schell model (GSM) of optical coherence theory [45]. With the help of Eqs. (7) and (8), the
GSM mutual intensity can be expressed as

Γ(T1 ,T2 , 0) ≡
〈
E∗s (T1 , 0)Es (T2 , 0)

〉
=

(
np 〈Ws〉

nsWp

)
× exp

−T2
1 + T2

2

2T2
0

 exp
[
−

(T1 − T2)2

2T2
c

]
. (9)

Here the angle brackets denote ensemble averaging; Tp = Ts = T0 = t0/tSRS and Tc = tc/tSRS ,
where tc is a Stokes pulse coherence time and we eliminated the pump and Stokes peak intensities
in favor of the pulse energies, Wp and 〈Ws〉.

To construct the random pulse ensemble, we employ the Karhunen-Loève expansion [46]

Es (T, 0) =
∑
n

cnψn (T ), (10)

where the random coefficients {cn } are orthogonal such that〈
c∗ncm

〉
= λnδmn , (11)

and the coherent modes are orthonormal, implying that∫ ∞

−∞

dTψ∗n (T )ψm (T ) = δmn . (12)

The mutual coherence function is then represented as a Mercer-type series in coherent modes
as [45]

Γ(T1 ,T2 , 0) =
∑
n

λnψ
∗
n (T1)ψn (T2). (13)

Next, the complex random amplitudes {cn } can be expressed in the polar form as

cn =
√

ineiφn . (14)

We stress that Eqs. (10) through (14) describe any statistical source. Thus, we must spell out a
concrete model for the random amplitudes and phases, adequately describing a given physical
source. In our case, we assume random phases {φn } to be uniformly distributed in the interval
0 ≤ φn ≤ 2π, and random amplitudes {|cn |} to obey the Rayleigh distribution such that {in }’s
are governed by the exponential distribution as

P (in ) =
1
λn

e−in/λn . (15)
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Thus cn is a complex Gaussian random variable. It follows that the incident Stokes pulse ensemble
{Es (T, 0)} is Gaussian as a sum of independent Gaussian random variables [46]. We stress that
the mode power distribution of the form (15) is sufficient to guarantee Gaussian statistics of
the source regardless of its temporal coherence. On the one hand, in the low-coherence limit
when many coherent modes in the expansion (13) are required to faithfully reproduce the source
mutual intensity, Gaussian statistics of the pulse ensemble can be ensured for any mode power
distribution P(in ) by virtue of the central limit theorem [46, 47]. On the other hand, however, as
the source becomes sufficiently coherent such that only a few coherent modes enter Eq. (13), the
central limit theorem no longer applies. Yet, the input source ensemble is Gaussian, provided it is
a sum of independent modes each obeying Gaussian statistics. We note in passing that the present
source ensemble is drastically different from previously considered non-Gaussian stochastic
input pulses, generating random phase solitons in resonant media [37]. We also note that we
focus on noise effects due to strongly fluctuating input Stokes pulses. In other words, we ignore
spontaneous Raman scattering (quantum) noise which is dwarfed by thermal-like fluctuations of
the incident Stokes pulses.

To complete our source modelling, we observe that the GSM eigenvalues and coherent mode
profiles are given by [45]

λn =
√
πT0

(
npWs

nsWp

)
(α + ξ) βn

(α + β + ξ)n+1 , (16)

and

ψn (T ) =

(
2ξ
π

)1/4 (
1

2nn!

)1/2

Hn (T
√

2ξ)e−ξT
2
, (17)

where Hn (x) is a Hermite polynomial of the order n and we introduced the notations α =

(2T2
0 )−1, β = (2T2

c )−1, and ξ =
√
α2 + 2αβ.

3. Numerical results

As a practical realization of the system, we consider a meter long hydrogen-filled HC PCF with
typical parameters representative of the HC PCFs previously designed for SRS experiments [41,
42]. The HC PCF has a low-loss transmission window between 1030 and 1150 nm. As a result,
only the pump and first Stokes modes, interacting with the J=1 to J=3 rotational transition, can
co-propagate in the HC PCF. We choose a narrow linewidth laser delivering 10 ns pulses of
a 20 µJ energy at 1064 nm as the pump. The Stokes pulses with the mean peak power of 10
W operate at 1134 nm. Such Stokes pulses can be excited by time modulating (chopping) an
output of a cw partially coherent source using, for instance, electro-optical modulators [48]. We
take the relaxation time of hydrogen in the HC PCF to be γ−1 = 5 ns [44]; the effective Raman
interaction length and time are estimated to be lSRS = 1 mm and tSRS = 6 ns, respectively.

We use the same numerical Monte Carlo simulation procedure as the one described in [37] in
the context of random phase soliton excitation in two-level media to generate a random Stokes
pulse ensemble of 2 × 104 realizations and examine its power fluctuations on pulse propagation
inside the fiber. Our extensive numerical simulations indicate that power fluctuations 90 times
greater than the mean power–nearly 900 W compared to the mean power of 10 W–can occur
at the fiber output. We illustrate this point by exhibiting a time series of the normalized Stokes
pulse powers at the fiber input and output in Fig. 1. We checked that giant power fluctuations can
take place even for shorter fiber lengths. For instance, power fluctuations greater than 50 times
the mean power (around 500 W) occur in 1 cm long fibers. These observations are reflected in
the presence of a very long probability distribution tail in Fig. 2 where we display the normalized
Stokes peak power PDF for three cases: Tc = 10Tp (rather coherent input pulses), Tc = Tp , and
Tc = 0.1Tp (nearly incoherent Stokes input). All powers are normalized to the average power of
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Fig. 1. Normalized (to the average power at the source) peak power fluctuations of a random
Stokes pulse with Tc = 0.1 T0 at the fiber output (blue) and input (orange). To facilitate the
visualization, the orange curve is scaled by the factor of 10.

the input Stokes pulse ensemble. It is seen in Fig. 2 that as the Stokes source coherence time
progressively increases, the probability distribution tail gradually depopulates. The exponential

Fig. 2. Normalized Stokes pulse peak power PDF at the entrance (blue) and exit to the HC
PCF. The input/output pulse power is normalized to the average power at the source. The
Stokes source coherence time takes on values Tc = 0.1 T0, Tc= T0 and Tc=10T0.

power distribution of the input Stokes ensemble is also displayed for comparison. It can be
inferred from the figure that in all three cases, the PDF, exhibited in the logarithmic scale,
nearly coincides with the exponential input distribution for sufficiently low powers, but it sharply
deviates from the exponential distribution in the high Stokes power limit. Thus, the PDF is
strongly non-Gaussian. Moreover, the output PDF appearance–including the magnitude of its
tail–can be controlled by adjusting the Stokes source coherence time.

We notice that the degree to which the peak power statistics deviates from Gaussian, sharply
increases as the source coherence time shrinks. This trend is opposite to the one recently
encountered for integrable turbulence governed by the nonlinear Schrödinger equation [29].
This circumstance should not be surprising as SRS is fundamentally different from the system
studied in [29]. While the former unfolds as a noinstantaneous resonant light-matter interaction,
described, in general, by nonintegrable nonlinear equations, the latter is essentially a weakly
dispersive wave system with a weak instantaneous nonlinearity. The ORW emergence in [29] is
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Fig. 3. Normalized (to the average power at the source) peak power fluctuations of a random
Stokes pulse for (a) very coherent, Tc = 10T0 and (b) nearly incoherent, Tc = 0.1T0 Stokes
ensemble at the source as functions of time and propagation distance.

linked by the authors to soliton and breather collisions, the frequency of which is enhanced with
the source coherence time increase. The ORW generation in SRS cannot be explained by this
mechanism because, even in the coherent transient limit when the input pulse duration is much
shorter than the SRS medium relaxation time and the SRS equations are integrable [49], solitons
are known to be transient in SRS, giving way to self-similar waves as fundamental asymptotics
of the system in the long-term limit [42, 50]. Furthermore, SRS soliton lifetimes are expected
to shrink as the input pulse duration becomes comparable to the SRS medium relaxation time
which is the case here.

To explain the PDF tail dependence on the source coherence time in SRS, we employ the
concept of statistical granularity in time. Statistical granularity implies that the SRS interaction
is coherent within a time interval of tc and Stokes pulses outside these time intervals are
uncorrelated. The number of statistical granules corresponds to the effective number of coherent
modes entering the Karhunen-Loève representation, Eq. (10), of the Stokes pulse ensemble. As
tc decreases, the number of uncorrelated modes (statistical granules) representing each Stokes
ensemble member increases, making the Stokes source noisier. As the statistical granules are
uncorrelated, they all compete for energy supply from the pump, resulting in a selective granule
amplification and, eventually, leading to a giant amplitude granule formation within the Stokes
pulse profile during the SRS amplification process. We stress that the long memory of the system
plays an important role in facilitating selective amplification of large amplitude Stokes granules,
leading to champion pulses of enormous amplitudes. This situation is vividly illustrated in Fig. 3
where we display, side by side, the Stokes ensemble member evolution as the pulse propagates
along the fiber for a very coherent source, Tc = 10T0, and a nearly incoherent one, Tc = 0.1T0.
The formation of a large amplitude statistical granule within the incoherent Stokes pulse is
manifest in the figure. On the contrary, amplification is coherently distributed across the pulse
profile in the coherent case, resulting in fairly uniform amplification.

The characteristic number of statistical granules present at the source is related to the source
coherence time. We can estimate the number of statistical (time) granules N as an inverse of
the global degree of coherence of the source. The latter is defined as ν = λ0/

∑
n λn [45]. It

follows at once from Eq. (16) that for a nearly incoherent Stokes source, Tc � Tp , the number
of time granules can be estimated as N ' ν−1 ∝ T−1

c . Thus, the number of statistical granules
grows in inverse proportion to shrinking source coherence time, augmenting the probability
of rogue-wave events, and hence the emergence of a non-Gaussian, heavy-tail statistics of the
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Stokes pulse power. We note that statistical time granules are temporal analogs of spatial speckles,
hypothesized to give rise to rogue waves in spatially extended systems [6, 7].

Fig. 4. Normalized (to the average power at the source) peak power PDF of the Stokes pulse
ensemble at the fiber exit for highly coherent Stokes input ensemble with Tc = 200 T0 for
different T0 values.

Fig. 5. Normalized (to the average power at the source) Stokes pulse peak power PDF at the
HC PCF exit for different input pump pulse energies and Stokes input coherence times: a)
Tc = 10 T0 and b) Tc = T0.

To confirm the crucial role played by the source coherence time and rule out the source
nonstationarity influence, we carried out a series of simulations with highly coherent input Stokes
pulse ensemble with Tc = 200 T0 for different values of T0. The results are displayed in Fig. 4. It
can readily be inferred from the figure that source nonstationarity has a negligible effect on the
ensemble PDF shape at the fiber exit.

Finally, we show that a heavy-tail Stokes output statistics can be generated with not too
incoherent (Tc = T0) and even rather coherent (Tc = 10T0) Stokes input if we increase the pump
pulse energy. As we illustrate in Fig. 5, by increasing the pump pulse energy (Wp) from 20µJ
to 80µJ the statistical behaviour of the Stokes pulses begins to shift from Gaussian to highly
non-Gaussian, heavy-tail statistics. This deviation is more pronounced for the less coherent case
of Tc = T0 in complete agreement with the just outlined qualitative picture of ORW formation in
the SRS in HC PCFs.
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4. Conclusion

In conclusion, we have explored a Stokes power statistics in SRS inside hydrogen filled HC PCFs.
We have shown that the statistics significantly deviates from the normal distribution, exhibiting
heavy tails indicative of anomalously high probabilities of extremely large amplitude output
pulses. We have shown that the extreme-value output statistics strongly depends on the initial
noise level of the source Stokes pulses. The latter can be conveniently controlled by adjusting
the source Stokes coherence time. Thus our findings establish a clear link between optical
coherence and rogue wave theories. We explain our results invoking the concepts of statistical
granularity and global degree of coherence. The former emerges as a crucial driving factor behind
optical rogue wave formation in transient SRS. We observe that while the medium relaxation
time in solid-core fibers is so short, Γ � 1, that the SRS interaction is virtually instantaneous,
the SRS in HC PCFs has a finite relaxation time, Γ ∼ 1, and hence a non-instantaneous
character. This circumstance makes the latter especially conducive to ORW formation because
the noninstantaneous nonlinear light-matter interaction leads to an efficient energy redistribution
to higher-energy realizations of the Stokes pulse ensemble. We anticipate our work to stimulate
further theoretical and experimental investigations into rogue wave formation in nonlinear wave
systems in the vicinity of optical resonances.
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